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Abstract. The aim of the present paper is to define a notion of weakly differ- 
entiable cochain in the generality of metric measure spaces and to study basic 
properties of such cochains. Our cochains are (sub-)linear functionals on a sub- 
space of chains, and a suitable notion of chains in metric spaces is given by 
Ambrosio-Kirchheim's theory of metric currents. The notion of weak differen- 

to/) 

tiability we introduce is in analogy with Heinonen-Koskela's concept of upper 
gradients of functions. In one of the main results of our paper, we prove continu- 
ity estimates for cochains with p-integrable upper gradient in ii-dimensional Lie 
groups endowed with a left-invariant Finsler metric. Our result generalizes the 
well-known Morrey-Sobolev inequality for Sobolev functions. Finally, we prove 
several results relating capacity and modulus to Hausdorff dimension. 



1. Introduction 

1.1. Background. One of the main principles in the theory of Sobolev functions 
in euclidean spaces is that good integrability properties of the weak differential 
of a function implies good behavior for the function itself. For instance, Sobolev 
inequalities bound the values of the function in terms of the integral of the gradient. 
In particular, the Morrey-Sobolev inequality shows that a weakly differentiable 
function u e Lj oc (]R") with |Vm| e L P (R") has a Holder continuous representative 
when p > n, 

(1.1) \u(x)-u(y)\<C(n,p)\x-y\ l ' n/ P\\Vu\\ p . 

An appealing question is whether continuity results like this also hold in the case 
of differential forms. Namely, given an m-form co, we can view it as a linear func- 
tional defined on a class of m-dimensional chains (smooth submanifolds, polyhe- 
dral chains, currents, etc.). We can now ask for conditions on the coefficients of 
co which guarantee continuity of this functional with respect to a suitable metric. 
An important condition like this is given by Whitney's theory of flat forms. By 
definition, these are the m-forms to whose coefficients, as well as the coefficients of 
the distributional exterior derivative, are essentially bounded. By Wolfe's theorem 
E81 p. (viii)], El Theorem 5.5], the space of flat forms is isomorphic to the space 
of flat cochains. These are bounded linear functionals on the space of flat chains, 
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the completion of polyhedral m-chains with respect to the flat norm 



F(T) := inf{M(7?) + M(V) : T - R + dV}. 



It follows that integration of a flat form to over any flat chain is well-defined al- 
though the coefficients of u> are initially only defined pointwise almost everywhere. 
Moreover, it follows that flat forms, when viewed as cochains, are Lipschitz con- 
tinuous with respect to the flat norm. We note that the theory of flat forms has 
recently been extended to Banach spaces in [23]. 

Recently, a theory of Sobolev spaces in metric measure spaces (X, d, p) has been 
developed based on upper gradients, see 0, E2l . [ 10 ], and the forthcoming mono- 
graph |11]. By definition, a non-negative Borel function p is an upper gradient of 
a function u : X — > R if 



for every x and y e X and every rectifiable path y in X with endpoints x and y. 
We say that u e LP(X,p) belongs to the Newtonian (Sobolev) space N l,p (X,p) if u 
has an upper gradient p e L p (X,p). This approach works in general spaces, even 
when directional derivatives cannot be defined. It also gives a useful viewpoint 
in smooth spaces, where the Newtonian spaces coincide with classical Sobolev 
spaces. The theory includes several generalizations of the Sobolev inequalities, as 
well as the continuity estimate (11.11) . under mild assumptions on the underlying 
metric measure space, cf. [7] and the references therein. 

The aim of the present paper is to generalize the results discussed above. Namely, 
we address the following problems: 

(i) give a proper notion for weakly differentiable m-forms in metric measure 
spaces using the upper gradient approach, and prove useful properties for 
them, in particular 

(ii) find LP -conditions which imply continuity. 

Problem (ii) is interesting already in euclidean spaces. Our main results give con- 
tinuity estimates with respect to the flat norm and the so-called filling volume in 
euclidean spaces and Lie groups; we will discuss these results shortly. 

We now turn to Problem (i). As discussed above, differential forms induce lin- 
ear functionals defined on m-dimensional chains. Such functionals can be defined 
without assuming any structure from the underlying space. Therefore, we would 
like to define cochains co : C — > R, where C is a suitable family of m-dimensional 
chains, and try to develop their properties. A question that immediately comes up 
in this approach is how to find a suitable notion of m-chains. Such a notion in the 
generality of complete metric spaces is provided by Ambrosio-Kirchheim's theory 
of metric currents developed in IfD which we next discuss. 

1 .2. Metric currents. We recall that a Federer-Fleming m-current in R" is a con- 
tinuous linear functional on the space of compactly supported smooth differential 
m-forms. In the generality of a complete metric space X a suitable substitute for 
m-forms is given by (m + l)-tuples (f,m,..., n m ) of Lipschitz functions on X with 
/ bounded. A metric m-current in the sense of Ambrosio-Kirchheim [1] is then 
a multi-linear functional on such tuples which satisfies a continuity, locality and 
finite mass property. We refer to Section fL2\ below for definitions. The space of 
metric m-currents in X is denoted by M m (X). Metric currents have finite mass by 



\u(y) - u(x)\ < I pds 

Jy 
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definition and the mass as a measure of T e M m (X) is denoted by \\T\\; further- 
more M(T) ■- \\T\\(X). The boundary of an element T € M m (X) with m > 1 is 
denoted by dT. A metric m-current T whose boundary dT has finite mass is called 
normal current; and the space of such T is denoted by N m (X). One of the guiding 
principles is that in Euclidean space a tuple (f,n\,... ,n m ) with / and /r, smooth 
should correspond to the differential form fdn\ A - • -f\dn m and tuples (f, n\, . . . , n m ) 
may thus be regarded as generalized differential forms. An important subclass of 
normal m-currents is given by the additive subgroup I m (X) c N m (X) of integral 
m-currents. These are normal currents which roughly correspond to (integration 
of the generalized forms over) countably < H™-rectifiable sets with orientation and 
integer multiplicities. In particular, O-dimensional integral currents correspond to 
points with integer weights. Moreover, Lipschitz curves give rise to 1 -dimensional 
integral currents; and in fact a weak converse of this is true as well, see Lemma l3.12l 
and [2, Lemma 4.4]. 

1.3. Weakly differentiable cochains. We now turn to the main object of study of 
the present paper, namely m-cochains. For this let C m be an additive subgroup of 
M m (X). We call cochain on C m a function oj : C m — > R which satisfies a>(0) = 
and which is sublinear in the sense that 



for all T, S e C m . If oj furthermore satisfies oj(T + S) = oj(T) + a>(S) for all 
T, S for which each term is finite, then oj will be called a linear cochain. Clearly, 
every generalized m-form {f,n\,... ,n m ) gives rise to a linear cochain on M m (X) 
by u>(T) = T(f, tti, . . . ,n m ). Moreover, every function u : X — > R, even if not 
Lipschitz, gives rise to a cochain on Io(X). More examples will be given later. 

We can define the notion of upper gradient of a cochain in analogy with the 
definition of upper gradient of a function. For this, let C m +\ c M m+ i(X) and let oj 
be a cochain on C m . We call a Borel function g : X — > [0, oo] an upper gradient of 
oj with respect to C m+ i if 



Jx 

for all T € C m and S e C m +i satisfying dS = T. This definition of upper gradient 
may be viewed as a generalization of the notion of upper gradient of a function. 
Indeed, we will show in Proposition 13.111 that a Borel function g is an upper gra- 
dient of a function u : X — > R if and only if g is an upper gradient of the cochain 
on Iq(X) induced by u. We will moreover show that if m > and if (f, n\, . . . , n m ) 
is a generalized differential form then an upper gradient of the m-cochain on I m (X) 
induced by (f,n\, . . . , n m ) is given by the product 



of pointwise lower Lipschitz constants, see Proposition [X9] This is a generalization 
for cochains of the fact, proved by Cheeger in [3 ], that if / is a Lipschitz function 
on X then the pointwise lower Lipschitz constant lip /(■) is an upper gradient of /. 
In Proposition 13 . 8 1 we establish an analogous result for cochains on M m (X). 



\oj{T)\<\oj(T + S)\ + \oj{S)\ 




7)7 



(1.2) 
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Similarly, we can define an upper norm of a cochain co on C m . We call a Borel 
function h : X — > [0, oo] an upper norm of w if 

kdi< f Adimi 

for all T eC m . For example, the function 

m 

ft(*) = |/(*)|f]lip7r,(*) 

i=l 

is an upper norm of the cochain described before 61.2) . We will give more examples 
of upper norms and upper gradients later. 

We have now given the necessary definitions that allow us to talk about weakly 
differentiable cochains in metric measure spaces; they are the cochains with inte- 
grable upper gradients and/or integrable upper norms. Our purpose is to show that 
analytic properties for the cochains can be deduced using the properties of their 
upper gradients and upper norms. 

1.4. Continuity of cochains in Lie groups. One of the main goals of this paper 
is to establish continuity estimates with respect to the filling volume for cochains 
with /j-integrable upper gradient. For this purpose we denote by I® n (X) the subset 
of elements T e I m (X) with dT = 0. We furthermore recall that the filling volume 
of an element T e 1° (X) is defined by 

Fillvol(r) := inf{M(5) : S e l m+l (X),dS = T}. 

In a slightly simplified setting, one of our main results can be stated as follows. 

Theorem 1.1. Let G be a Lie group, endowed with a left-invariant Riemannian 
metric, and let < a < m and A > 1. Let a> be a cochain on I„(G). If co has an 
upper gradient g in L p (G)for some p > n - a then 

(1.3) \co(T)\ <CFillvol(T) l -l^\\g\\ p 
for every T e I%(G) which satisfies Fillvol(r) < 1 and 

(1.4) \\T\\{B{x,r)) <Ar a for all x el" and r > 0. 
Here, C depends only on M(!T), n, p, and a, A, and G. 

The precise value of C is given in Theorem l4.ll The requirement that Fillvol(r) < 
1 can be dropped if G = W is Euclidean space. We note that if oj is a linear cochain 
and if T u T 2 e 1° (G) satisfy (HU) and 

dp(Tu Tz) ■= FillvoHTi - T 2 ) < 1 

then (11.31 ) can be written in the more suggestive form 

MTy) - oj(T 2 )\ < Cd F (T u T 2 ) l -l^\\g\\ p , 

and thus to is locally Holder continuous with respect to the metric d?. It should be 
noted that Theorem 11.11 fails for p = n - a, see Example 14.41 We do not know, 
however, whether the Holder exponent 1 - -p^ can be improved and to what extent 
the growth bound for T is necessary. In Theorem 11.11 we will assume a growth 
condition which is somewhat weaker than the one in (I1.4I ). It is easy to see that 
Theorem 11.1 1 implies the local Morrey-Sobolev inequality for functions in W l ' p (G) 
with p > n, see Corollary 14.21 
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In Section FTTI we will also establish a theorem for currents, possibly with bound- 
ary, which is similar to Theorem ll.ll and which gives Holder continuity with respect 
to the flat norm rather than the filling volume distance, see Theorem 14.31 This is 
natural in view of the Lipschitz continuity of flat forms with respect to the flat norm 
mentioned above. As will be shown, our result actually implies that every flat form 
with compact support in W gives rise to a cochain which is Lipschitz continuous 
with respect to the flat norm, and we can thus recover a part of Wolfe's theorem 
mentioned above. See the paragraph following Theorem 03] for details. 

Similar, but less general results than ours have been previously obtained in ISll . 
There it is assumed that to belongs to the Sobolev space Wf p (R n , /\ m ) of m-forms 
in K." whose coefficients are g-integrable and the coefficients of the weak exterior 
derivative are p-integrable with p > n - m and q > n - m + 1. It is then proved 
that, given an oriented ra-ball B in R", the integral of to over B is bounded by the 
corresponding p- and ^-integrals over a suitable domain, the radius of B, and the 
size of the domain. 

1.5. Sobolev forms and exceptional sets. The weakly differentiable cochains de- 
fined in Section PT31 are closely connected to the Sobolev spaces Wf p (R",/\ m ). 
See Ifl4ll for a good reference on Sobolev spaces of differential forms. In Section 
13.21 we show that, when 1 < p, q < oo, every to e W^' p (E, n , f\ m ) induces a linear, 
weakly differentiable cochain to, and in fact the norms \to\ and \dto\ are an (weak) 
upper norm and upper gradient of to, respectively (up to a constant depending on 
the choice of norms for to and dco). We believe that, conversely, linear weakly 
differentiable cochains probably come from such forms, but we do not pursue this 
direction in this paper. A result in this spirit has been established in There a 
version of Wolfe's theorem is proved, showing that there is a one-to-one correspon- 
dence between the W^' P (W, A_ m )-forms and cochains defined on polyhedral chains 
who together with their exterior derivatives satisfy certain boundedness conditions 
with respect to the so-called g-mass. 

In the theory of Sobolev functions, capacities are typically used to measure the 
size of exceptional sets. For instance, the Morrey-Sobolev inequality (11.11) corre- 
sponds to the fact that the /^-capacity of a single point is positive when p > n, 
and there are weak forms of (11.11 ) for smaller p which hold outside a set of zero 
/^-capacity. In the theory based on upper gradients, the modulus of path families is 
an important concept that can be applied in connection with exceptional sets. 

Modulus methods can be extended to much beyond the setting of path families, 
as already observed by Fuglede [4]. In our current setting, the definition is the 
following. Let X be a complete metric space equipped with a Borel measure ji. 
Moreover, let T c M m (X) be a family of currents, and 1 < p < oo. The /^-modulus 
M p (Y) is the infimum J x f p dp,, taken over all non-negative Borel functions / in X, 
such that f /<f||r|| > 1 for all T e T. Modulus in the setting of currents implicitly 
appears in 1291 , where nonexistence and other results are proved for currents in 
Carnot groups. 

Similarly, let A c M m (X) be a family of currents without boundary, and let 
C c M m+ i(X). Then we can define the /^-capacity cap p (A, C) as M p (F), where 

T = {5 G C' : dS = T for some T € A}. 

In Theorem 13.131 we relate Hausdorff measure and capacity. Namely, we show 
that a family of integral currents, all of whose supports lie on a compact set A c X 
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with e H^ p (A) < oo, has zero p-capacity if the underlying measure p satisfies 
p(B(x, r)) < Cr@ for all balls in X. In Section I3.4[ we consider capacity in the 
setting of Lie groups. We show that if T is a current as in Theorem 11.11 then the 
/^-capacity of {T} is positive if p > n - a. This is not surprising in view of Theorem 
11.11 We also give an example to show the above can fail when p < n — a; it is 
not completely clear to us what happens when p = n - a. Our results are related 
to those by Fuglede [4], who gave necessary and sufficient conditions under which 
the modulus of the family of all Lipschitz surfaces in W intersecting a given set 
has zero modulus. 

1.6. Organization of the paper. This paper is structured as follows. In Section 
12.21 we recall the definition of metric currents and some of the basic properties 
needed later on. In Section[3]we discuss cochains in general metric spaces, and give 
some basic examples. First, in 13.11 we define cochains, upper gradients and upper 
norms. We also discuss the modulus and capacity in our context, and the spaces 
of cochains with integrable upper norms and upper gradients. In 13.21 we define 
Sobolev spaces of linear cochains and show that Euclidean differential forms with 
integrable distributional exterior derivatives are examples of Sobolev cochains. In 
I3.3l we give basic examples of upper norms and upper gradients, and compare them 
to upper gradients of functions in the zero-dimensional case. In l3.41 we prove upper 
bounds for the sizes of exceptional sets. 

In Section0]we prove general versions of the continuity estimate, Theorem ll.il 
in Lie groups. To this end, in !4.2l we first establish integral estimates corresponding 
to general measures on Lie groups, and define a "controlled family of curves", a 
condition that allows us to deform currents in a controlled way. In 14. 3 1 we estimate 
cochains with integrable upper norms and upper gradients by using translations and 
minimal fillings, and use the estimates to prove the continuity statements. Finally, 
in !4.4l we prove lower bounds for modulus and capacity. 

2. Preliminaries 

2.1. Notation. Let (X, d) be a metric space. Given x e X and r > we denote by 
B(x, r) the closed ball B(x, r) := {y e X : d(x, y) < r). Given a set A c X and x e X 
we define dist(x,A) := inf{r > : 3a e A with d(x,a) < r\. For e > we then 
denote N(A,e) := {x e X : dist(x,A) < £}. Given a > and A c X we denote 
by ( H a (A) the a-Hausdorff measure of A. We denote by Lip(X) and Lip b (X) the 
spaces of real-valued Lipschitz functions and bounded Lipschitz functions on X, 
respectively. The Lipschitz constant of a Lipschitz function / will be denoted by 
Lip(/). The length of a continuous curve c : [a, b] — > X is denoted by ((c). If c is 
a Lipschitz curve then the metric derivative of c is denoted 

\c\(t) - lim -d(c(t + r), c(t)), 

r->0 r 

whenever the limit exists. It is proved in iTTTl that \c\(t) exists for almost every 
t e [a,b]. 

2.2. Currents in metric spaces. In this section we recall the basic definitions 
from the theory of metric currents developed in [1] which we will need in the 
sequel. Apart from some simple lemmas, the present section does not contain any 
new results. We mention here that recently two variants of Ambrosio-Kirchheim's 
theory [ Q were developed in [ 18"] and Ifl9l . We will not however use these variants. 
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Let (X, d) be a complete metric space. 

Definition 2.1. Let m > 0. An m-dimensional metric current T on X is a multi- 
linear functional T : Lip^(X) X Lip m (X) — > R. satisfying the following properties: 

(i) Ifnj — > Tiipointwise as j — > oo and if sup t jhip(nj) < oo then 

T(f, 7t{ , . . . , n ] m ) — > T(f, n\ , . . . , 7i m ). 

(ii) If{xeX : f(x) + 0} is contained in the union {J^ Bj ofBorel sets Bj and 
if Hi is constant on Bifor i — 1, . . . ,m then 

T(f,ni,.,.,n m ) = 0. 

(iii) There exists a finite Borel measure /i on X such that 



m p 

(2.1) \T{f,n u ...,n m )\ < \\Up{m) \ 



\fW 



i=i ~ x 

for all (f,n\,..,, n m ) e Lip fo (X) x Lip m (X). 

In what follows, m-dimensional metric currents will also be called metric m- 
currents for short. The space of m-dimensional metric currents on X is denoted by 
M m (X) and the minimal Borel measure p satisfying (I2.ll ) is called mass of T and 
denoted by \\T\\. We also call mass of T the number ||r||(X) which we denote by 
M(r). The support of T is the closed set 

spt T - {x e X : ||r||(fl(jc, r)) > for all r > 0}. 

In the following we will often abbreviate n = (tti , . . . , n m ) and write T(f,n) 
instead of T{f,n\, . . . ,n m ). An important and basic example of a metric m-current 
on R m is given by 



M(f,n):= f 

JR"< 



6fdet (Vtt) d'H" 



for an arbitrary function e L^K." 1 ). 

Let < k < m. Given a bounded Borel function g on X and t = (ti, . . . ,t^) e 
Lip^XX), the restriction T L {g, r) of an element T e M m (X) is defined by 

(TUg,T))(f,n) := T{fg,T,n) 

for all (/, 7r) € \Ap h {X) x \Ap m ~ k {X). This expression is well-defined since T can be 
extended to a functional on tuples for which the first argument lies in L°°{X, \ \T\\); 
in fact, we have T L (g, t) e M m _,t(X) by [ 1 , Theorem 3.5]. For a Borel set A c X 
we abbreviate T LA := T L 1a, where 1^ is the indicator function, 

(rLA)(/,/r):=r(/l A ,7r). 

If m > 1 and T e M m (X) then the boundary of T is the functional 

dr(/,7ri,...,/r m _i) := T(l,f,m n m -\); 

it satisfies conditions (i) and (ii) in Defmtion 12.11 If it moreover satisfies (iii) in 
Definition ^, ll then T is called a normal current. By convention, elements of Mo(X) 
are also called normal currents. The space of normal metric m-currents on X is 
denoted by N m (X). If m > 2 and T e M m (X) then we have ddT = by property 
(ii) of Definition 12.11 The following convention will be useful in Section |4] If 
T e Mo(X) then we define M(dT) = as a number and we define \\dT\\ = as a 
measure on X. 
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The push-forward of T e M m (X) under a Lipschitz map tp from X to another 
complete metric space Y is given by 

<P# T (g' T ) ■= T(go(p,TO(p) 

for (g, t) e Lip^F) x Lip'"(F). This defines a metric m-current on Y and it follows 
directly from the definitions that d{tp#T) = (p#{dT). 

An element T e Mo(X) is called integer rectifiable if there exist finitely many 
points x\ x n e X and 6\,...,6 n e Z\{0} such that 

n 

(2-2) T(f) = J] Qif{x t ) 

i=i 

for every bounded Lipschitz function /. A current T e M m (X) with m > 1 is called 
integer rectifiable if the following properties hold: 

(i) ||r|| is concentrated on a countably f H m -rectifiable set and vanishes on all 
f H m -negligible Borel sets; 

(ii) for any Lipschitz map tp : X — > W n and any open set U c X there exists 
9 £ l}(R m , Z) such that ip#{T \_U) = 

The space of integer rectifiable m-currents in X is denoted by T m (X). Integer rec- 
tifiable normal currents are called integral currents. The corresponding space is 
denoted by l m (X). We introduce the notation 

N°(X> := {T e N m (X) : - 0} 

and 

:= {T e I m (X) : 5r = 0}. 

Here, the condition dT = should be replaced by the condition 7\1) = in the 
case m = 0. More generally, if C c N OT (X) is a subset then we denote by C° the 
subset of those T e C satisfying dT = if m > 1 and r(l) = if m = 0. 
Let r € I m (X). Then set(r) is defined by 

set(r) := {x € X : 0* w (||71, x) > 0}, 

where ®* m (||r[|, x) is the lower m-density of \\T\\ at x given by 

®*m(\\T\\,x) := hminf — 

and a> m is the volume of the unit ball in R m . It is shown in fl] Theorem 4.6] 
that set(r) is a countably 'H'" -rectifiable set on which \\T\\ is concentrated, that is, 

lir||(x\set(r)) = o. 

We make the following elementary but useful observation concerning Lipschitz 
curves and the currents which they induce. 

Lemma 2.2. Given a Lipschitz curve c : [a, b] — > X, f/ie integral current T := 
c #[l[a,fc]] satisfies dT = \c(b)} - [c(a)J ant/ M(T) < ^(c); moreover, if c is injective 
then M(T) = ^(c). Finally, for every Borel function g : X —> [0, oo] we /jave 

(2.3) r grfini< r gocwicKo^; 

Jx Ja 
if M(T) = ^(c) ?/ze?i equality holds in (12.31) . 
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Proof. Firstly, note that 

dT = c#(dll [aM j) = lc(b)j - lc(a)j. 
Now, given Lipschitz functions /, n on X with / bounded we have 



\T(f,n)\ 



f foc(i)(no C )'(t)dt<U V {7t){ \fo C (t)\\c\(t)dt, 

J a J a 



from which it follows that 

(2.4) imi < c # (|c|if l ) 

and thus M(T) < ^ \c\(t)dt = £(c) and (|23T > for every Borel function g : X -> 
[0, oo]. It now follows directly from (IZ4l that if c is such that M(T) = £{c) then 
we have equality in (12.4b . Finally, suppose c is injective. Let e > and set H := 
{t € [a, b] : |c|0) * 0}. By El Lemma 4] there exist A t e (0,oo) and K t c [a, 6] 
compact, pairwise disjoint, and satisfying ^£ X {H\ U Kj) = and 

/l,|f - s\ < d(c(t), c(s)) < (1 + s)Ai\t - s\ 



for all t,s € Kj. Set // := c#(|c|Jf ! ). Fix i and let n be a 1-Lipschitz function on X 
which extends A\ (c^) - . It then follows that 

||r||(c(^0) > |r(l c( ^),7r)| - Ai&\Ki) > J—^ciKi)). 

Since i was arbitrary, and the c(K() are pairwise disjoint, and /u(X\ U c(Ki)) = we 
obtain that 

M(D > V \\T\MKd) > j^—YrtciKd) = -l—fiiuciKd) = -^—KX). 

1 + £ ^— ' 1+e 1 + £ 

Since £ > was arbitrary this yields equality in (12.41 ) and concludes the proof. □ 

As above, let (X, d) be a complete metric space and endow [0, 1] x X with the 
Euclidean product metric. Given a Lipschitz function / on [0, 1] X X and t e [0, 1] 
we define the function /, : X — > R by f t (x) := f(t,x). To every T e N m (X) 
and every t e [0, 1] we associate the normal m-current on [0, 1] x X given by the 
formula 

(M x T){f,ni, ...,jr m ):= T(f t ,n\ t , . . . ,n mt ). 
The product of a normal current with the interval [0, 1] is defined by 
([0,l]xr)(/,7n,...,7r m+1 ) := 



m+l , ^ 

r(/?-^-,7!-ir, . . - , ?r,-i /, TTj+i /•, - - .,JT m+ it]dt 



m+l „i 



for . . . ,/r m+ i) e Lip fo ([0, 1] x X) x Lip m+1 ([0, 1] x X). It can be proved, see 

ID and also d, that [0, 1] x T e N m+ i([0, 1] x X) and 

<9([0, 1] X T) = [1] x T - [0] X T - [0, 1] x dT 

if m > 1 and d([0, 1] X T) = [1] X T - [0] X T if m = 0; moreover, if T 6 I m (X) then 
[0, 1] x T € l m+ i([0, 1] xl). We have the following simple lemma which estimates 
the mass of the push-forward of [0, 1] x T under a Lipschitz map. 
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Lemma 2.3. Let \p : [0, 1] X X — > Y be a Lipschitz map, where Y is a complete 
metric space, and let T e N m (X). Suppose A : [0, 1] — > [0, oo) and 6 : X — > [0, oo) 
are bounded and Borel measurable functions such that if/(t, •) jj A(t)-Lipschitz for 
every t e [0, 1] ant/ jc) is 8{x)-Lipschitz for every x e X. Then we have 

||«A # ([0, 1] x D|| < (m + l^OTjSf 1 x «5||T||). 

Proof Let (/,tti, . . .,n m +i) e Lip fo (F) x Lip" ,+1 (F). We compute 
|^ # ([0,l]xr)(/,7ri,...,7r m+ i)| 

r(/ o ^ — - — , moxffj,.,., tt/_i o ijj t , of,..., 7r m+ i o ip t )dt 
i= i dt 

* z r n ° ^ r / ° t ^i^ dwwdt 

m+1 ^1 

< (m + 1) Y\ Up(nj) I I |/o^,x)|(5(xy||r||(xM m (0*, 

from which the claim follows together with the definition of mass. □ 

Definition 2.4. Let m > 0. G/ve« T e M m (X) and C c M m+ i(X) we define 

Fillvol(7\C) - inf{M(5) : S e C, OS = T], 

where we use the convention inf = oo. 

If T £ I m (X) then we usually abbreviate 

Fillvol(r) := Fillvol(r,I m+ i(X)). 

Definition 2.5. Letm > and let C = (C m ,C m+ i)withCk c M. k (X)fork = m,m+l, 
and such that dS e C m for all S e C m +\. The flat norm of an element T e C m is 
defined by 

(2.5) F(T, C) := inf {M(R) + M( V) : R e C m , V e C m+ u T = R + dV}. 

It is clear that F(T,C) < M(T), moreover F(dS,C) < M(5) if S e C m+ \. If 
C k = M k (X) for k = m, m + 1 we will write F(T) instead of F(T, C). If C k = I k {X) 
for k = m, m + 1 we will write JP(T) instead of F(T, C). Note that for T e J m (X) 
we have F(7) < 3?(T). Note also that for n e Z and T € J m (X) we have 3?(nT) < 
\n\.^{T) and strict inequality can occur, see (27). If T e N m (X) then we have 
F(T) < Fillvol(r,N m+ i(Z)), and if T e I m (X) then &(T) < Fillvol(7/). Moreover, 
we have the following fact. 

Lemma 2.6. Let X be complete metric space and m > 1. Suppose there exists 
r > such that 

Fillvol(r) < M(T) 
for all T € 1%(X) with M(T) < r. Then 

Fillvol(r) - ,^{T) 
for all T € 1° (X) with M(T) < r. 

Examples of spaces satisfying the hypotheses in the lemma include Banach 
spaces, CAT(/c)-spaces, and Carnot groups with a left-invariant Finsler metric, see 

ma, ea, ea. 
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Proof. Let T £ I^(X) with M(T) < r and let e > be such that M(T) + e < r. 
Choose R 6 I m (X) and V £ I m+ i(X) such that T - R + dV and 

M(7?) + M(V) < ^"(r) + e. 

Since dR = and M(ff) < r there exists C7 £ with dU = R and M(t/) < 

M(#). It follows that d(U + V) = T and hence 

Fillvol(r) <M(U) + M(V) < M(7?) + M(V) < W) + e. 

Since £ > was arbitrary this shows that Fillvol(r) < JP(T). Since the opposite 
inequality holds for all T e I m (X) with dT = the proof is complete. □ 

3. COCHAINS, UPPER NORMS, AND UPPER GRADIENTS 

3.1. Definition of cochains, upper norms, and upper gradients. In this section 
we define cochains, our basic objects of study for the forthcoming sections. We 
first give a general definition of a cochain (Definition 13.11 ) as a function from an 
additive subgroup of ra-dimensional currents in complete metric spaces, without 
any regularity assumptions. We slightly abuse terminology here by only requiring 
sublinearity from the cochains instead of linearity. We then define upper norms and 
upper gradients of cochains. Using these notions, we can talk about the regularity 
of cochains in general (complete) metric measure spaces, and try to prove analytic 
properties for them. In particular, the cochains can be seen as a generalization 
of classical differential forms to non-smooth spaces; recall that a smooth m-form 
induces a linear cochain by integration over m-dimensional currents. 

Let X be a complete metric space, m > 0, and let C be an additive subgroup of 
MJX). 

Definition 3.1. A function a> : C — > R is called cochain on C ifu(0) = and 

\co(T)\<\oj(T + S)\ + \co(S)\ 
for all T,S eC. If furthermore 

co(T + S) = cj(T) + cu(S) 
whenever each term is finite then u> is called a linear cochain. 
If cd is a cochain on C then clearly \a>(T)\ = \co(-T)\ and thus 

Mr + < MT)| + MS)| 

for all T, S e C. A basic example of a linear cochain is given as follows. 

Example 3.2. Let (/, n) e Lip^(X) x Lip m (^)- Then a linear cochain on M m (X) is 
given by a>(T) = T(f, n). 

Further simple examples of cochains are provided by the mass M and the flat 
norm F, which are cochains on M. m (X), and by the flat norm & ', which is a cochain 
on T m (X). More generally, if g, h : X — » [0, oo] are Borel measurable functions 
then 
(3.1) 

MT) :=inf jj~ hd\\R\\ + J gd\\V\\ : R e M m (X), V e N m+ i(Z), T - R + dv\ 

defines a cochain on M m (X). Analogously, one obtains a cochain on I m (X) if for 
T € I m (X) one takes the infimum over all R € I m {X) and V £ I m+ i(X) with 
T = R + dV in the above equation (I3.ll ). 
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Definition 3.3. Let cobe a cochain on C. A Borel function h : X — > [0, oo] is called 
upper norm of co if 

(3.2) \co(T)\< f hd\\T\\ 

Jx 

for every T e C. 

Definition 3.4. Let co be a cochain on C and let C' c M. m+ i(X) be a subset. A 
Borel function g : X — > [0, oo] is called upper gradient of co with respect to C if 

(3.3) \co(T)\< f gd\\S\\ 

Jx 

for allT e C and S e C such that dS = T. 

We often simply say "g is an upper gradient of co" if C is clear from the con- 
text. In Section [331 we will determine an upper norm and an upper gradient of the 
cochain given in Example l3.2l We will furthermore establish a precise relationship 
between upper gradients of the linear 0-cochain induced by a Lipschitz function / 
and the upper gradients of the function /, as defined in |9), Il22l . 

Now assume that X is equipped with a Borel regular measure p. Let T c M m (X) 
be a family of currents and 1 < p < oo. The p-modulus M p (T) in (X,p) is defined 
as inf J x f p dp, where the innmurn is taken over all Borel functions / > such 
that J x fd\\T\\ > 1 for every T € T. As a consequence of Lemma 12.21 we obtain 
the following relationship between the modulus of a curve family and the modulus 
defined above. Let T' be a family of Lipschitz curves in X and let T denote the 
family of integral currents induced by curves in T', that is, 

T := {c#[l[ 0i 2,]] : c is a curve in T' and parameterized on [a, b]}. 

Then we have M p (Y) > M p (T'), where the right hand side denotes the modulus 
of the curve family as defined e.g. in 0, 11221 . Moreover, if every curve in T' is 
injective then M p (T) = M P (V). 

The theory of /^-modulus of general measures and Lipschitz surfaces was initi- 
ated by Fuglede [4 ]. Ziemer [30] applied the theory of currents to prove a duality 
estimate between capacities and moduli of separating surfaces. Surface modulus 
has recently been applied in quasiconformal mapping theory, cf. lETTl . lfT2l . [20]. 

Let A c M^(X) and C c M m+ i(X), and let 1 < p < oo. We define the p- 
capacity cap p (A, C) by 

cap p (A,C') = M p (r), 

where 

T = {S e C' : dS = T for some T e A}. 

In Section [3~4l we will establish a relationship between the Hausdorff dimension of 
a set A and the capacity of a family of currents with support in A. In Section l4~4l 
we will furthermore establish lower bounds for the capacity in the setting of Lie 
groups, endowed with a left-invariant Finsler metric. 

Given 1 < p, q < oo we denote by JL q (C) the family of cochains on C which have 
an upper norm in L q {X,p) and by •W p (C,C) the family of cochains on C which 
have an upper gradient with respect to C which is in L p (X,p). We furthermore set 

W^iCC) := L q (C) n <W P (C,C). 
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If co e < W q , p (C, C), then we denote 

(3.4) IMI,, P = infill y| p , 

where the infimum is taken with respect to upper norms h and upper gradients g of 
to with respect to C . 

In the sequel we will use the abbreviations "W p (N m {X)) := 'W p (J^ m (X), N m+ i(X)) 
an&W p (l m {X)) := W p (I m (X),I m+ i(X)); OV,, p (N m (X)) := W q , p (N m (X),N m+1 (X)) 
and 1V ? , p (I m (X)) := 'W q ^ p (l m {X),\ m+ i{X)). Examples of 'U^p-cochains are given 
in Example I3.2l (see Proposition I3.8I) . Also, it is straightforward to verify that the 
function h in (T3.ll ) is an upper norm of the corresponding cochain co, and g is an 
upper gradient (notice that we can restrict to surfaces R e C and V e C in (T3.ll )). 
So, if we assume h e L q and g e LP , then co e 'Wq^. We discuss another basic set 
of examples in Section [3721 

3.2. Exceptional sets and Sobolev cochains. In this section we define weak ver- 
sions of upper norms and upper gradients, and the (Newtonian) Sobolev spaces 
Wq tP of linear cochains. We then show that Euclidean differential forms which be- 
long to the Sobolev space Wf p (R n , f\ m ) (see the definition below) also belong to 

w q , P . 

Let co : C — > R be a cochain on an additive subgroup C of M m (X). We say that 
a Borel function h : X — > [0, oo] is a q-weak upper norm of to, where 1 < q < oo, 
if (Ell) holds for every T e C \ T for some family T c C with M q (T) = 0. Let 
C c M m+ i(X). Similarly, we say that a Borel function g : X — > [0, oo] is a p-weak 
upper gradient of o» with respect to C, where 1 < < oo, if (13.31 ) holds for every 
5 e C \ A for some family AcC with M p (A) = 0. 

It follows from the definition of modulus that, if A c M m (X) satisfies M p (A) = 
0, then there exists a Borel function / € L p (X,p) such that f x f d\\T\\ - oo for every 
T e A. Therefore, a cochain to has a /?-integrable upper gradient (upper norm) if 
and only if it has a p-weak upper gradient (upper norm). 

The following lemma is a special case of @ Theorem 3]. 

Lemma 3.5 (Fuglede's lemma). Let 1 < p < oo, and let f be a Borel function. 
Moreover, let (fj) be a sequence of Borel functions converging to f in L p (X,p). 
Then there exist a subsequence (fj k ) and A c M m (X) with M p (A) = such that 

f \f jk -f\d\\T\\^0 
Jx 

for every T 6 M m (X) \ A. 

Suppose now that co e Jl q (C), 1 < q < oo, and let (hf) be a sequence of upper 
norms of to such that 

lim I h q .dp = inf I A 9 J//, 
H°°Jx 3 h Jx 

where the infimum is taken over all upper norms h of co. By weak compact- 
ness, there is a subsequence, also denoted by (hf), converging weakly in L q to 
ho e L q {X,p). Moreover, by Mazur's lemma, there is a sequence of convex com- 
binations hk of the functions hi converging strongly in L q to h^. Clearly, each 
hk is also an upper norm of co, so by Lemma 13-51 ho is a g-weak upper norm of 
to. Similarly, we see that LP -bounded sequences of upper gradients converge, up 
to a subsequence, to a p-weak upper gradient. It follows in particular that when 
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1 < p, q < oo, the infimum in (13.41) is attained by some g-weak upper norm ho and 
p-weak upper gradient go- 

We now turn to the definition of the Sobolev space of linear cochains. 

Lemma 3.6. Let u>i,u>2 '■ C — > Rbe linear cochains. Define u>i + a> 2 by setting 

+ oj 2 )(T) = anCT) + co2(T) if K(r)| + \co 2 (T)\ < co, 

and (a>i +oj2)(T) - co otherwise. Then u)\ + 0)2 is a linear cochain on C. Moreover, 
if I < q, p < co and u)\,(02 € 'Wq^C, C), then also co\ + a>2 £ < Wq, P (C, C). 

Proof. Let T,S eC. Firstly, if 

\((toi + oj 2 ){T + S)\ + |(wi + co 2 )(T)\ + |(wi + cu 2 )(5)| < co, 

then also |a»,(T + 5)| + |a>,-(r)| + < °° for i = 1, 2, and so 

(wi + ca 2 )(T + S) = (wi + o> 2 )(r) + ( Wl + w 2 )(5). 

Secondly, if |(o»i + C02XT + S)\ = co, then the definition of cochain implies that 
\a)i(T)\ + k(5)| = co for 1 = 1 or i = 2. If follows that + w 2 )(r)| + |(wi + 
^2)(5)| = co. We conclude that a>i + a>2 satisfies the conditions of a linear cochain. 
Also, if hi, h2 are upper norms and g\ and g 2 are upper gradients with respect to 
C of wi and a> 2 , respectively, then hi + /j 2 and gi + g2 are upper norm and upper 
gradient, with respect to C , of a>i + a>2- □ 

It is clear that Au) belongs to "Wq^iC, C) for every X e R if oj does. Therefore, 
Lemma [331 implies that the set of linear cochains in "Wq^iCC) forms a vector 
space. We equip this space with the seminorm |M| ?i p defined in (I3.4I ). 

Definition 3.7. The space W qiP (C, C) is the set of equivalence classes of linear 
cochains in t Wq iP (C,C) under the equivalence relation defined by u>i ~ a> 2 if 
\\0Jl ~ U2\\q,p = 0. 

We see that Wq iP (C, C) equipped with the norm \\'\\q, p is a normed space. More- 
over, if 1 < p, q < 00, and if a>i and a>2 are cochains representing the same el- 
ement in Wq, p (C,C), then coi(T) = oj 2 (T) for every T e C \ (T U A), where 
Mq(T) = cap p (A, C) = 0. Following the proof of E21 Theorem 3.7], one can show 
that Wq, p (P,C) is a Banach space. We do not develop further properties of the 
Sobolev spaces here. 

We next show that Sobolev forms in the space W^' p (E, n , /\ m ) induce cochains in 
the space W^(M OT (R"),M ra+ i(R n )). Let 1 < q,p < co, and let w be a differential 
m-form expressed in Euclidean coordinates by 



We assume that the coefficients a>i belong to L q (R n ). Furthermore, we say that the 
(m + l)-form da> = Yjj(doS)j dxj is the distributional exterior derivative of a> if 



for every smooth, compactly supported (n - m - l)-form <p. We assume that the 
coefficients (da>)j belong to L P (R"). Then we say that to belongs to the Sobolev 
space W q /(R n , A"')- See El and H3 for the //-theory of differential forms. 
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Let co € W ] (W, f\ m ). Then there is a sequence of smooth compactly supported 

1 



m-forms w ; converging to w in Wl ,p (R", A m )> i- e - 



J JR" y Jr" 

as ; -> oo. Let T e M m (R"), and define 

& J (T) = ^ T{o) 3 p x h ,..., x im ), 
i 

where dx^ A ... A dxi m - dxj. Then a>j is a linear cochain, and 

W{T)\<C, f W\d\\T\\, 

where C\ depends only on n, and \a>-i\ is the euclidean norm of the coefficients oo J r 
We conclude that Cila^l is an upper norm of o> ; . Next, for S e M m+ i(R"), define 

d~cj\S ) = 2_jS (du) ] j, Xfj, . . . , x fm+1 ), 

where dxi { A ... A t/x^ m+1 = dxy. Then, if dS = T, 

cb j (T) = d~J(S)\ 

this can be seen by approximating the coefficients coj by polynomials and applying 
the product rule and the alternating properties of currents, see (T). We conclude 
that 

W{T)\<C 2 f \dco j \d\\S\\, 



where C 2 depends only on n, and \du>i\ is the euclidean norm of the coefficients 
dojj. We conclude that C2|fi?a» ; | is an upper gradient of coK By Lemma [331 there is 
a subsequence, also denoted by (a> J ), such that 



; 



for every T e M m \ T, where M q (Y) - 0, and 

\(dJ)j-{d(o)j\d\\S\\ ^0 



f 

Jr" 



for every S e M m+ i \ A, where M p (A) = 0. We define co : M m -> R U {00} by 
o)(r) := hm^co o~)j(T) when the limit exists, and 00 otherwise. We see that co is a 
linear cochain in the sense of Definition 13. II Furthermore, 

WT)\ < d lim f | W Vimi = C! f \oo\d\\T\\ 

1^°° JR" JR" 

for every T e M,„ \ T, where M 9 (T) = 0, so Ci\a>\ is a g-weak upper norm of co. 
Similarly, there is a set A c M m+ i of zero /^-modulus such that 

\co(T)\ < C 2 lim f |<fe>V||S 1| = C 2 f kH<*PII 

■Z^ 00 JR" JR" 

whenever 5 e M w+ i \A, dS = T, so C2\dco\ is a /?-weak upper gradient of co with re- 
spect to M m+ i . This shows that co induces a cochain co € Wq tP (M. m (R n ), M m+ i(R")). 
Moreover, the corresponding Sobolev norms are equivalent. 
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3.3. Estimates for upper norm and upper gradient. In this section we prove 
several results concerning upper norms and upper gradients of the cochain defined 
in Example 13.21 For this we first recall that for a Lipschitz function / : X — > R, 
defined on a metric space X, the pointwise Lipschitz constants of / are defined by 



and 



Lip/(*) := lim L r f(x) 

r— »0 + 



r— »0 + 



where 

, fl , \f(x)-f(y)\ 
L r j(x) :- sup sup , 

s<r d(x,y)<s s 

, f( , ■ f !/(*)- /OOI 

i r f(x) := inf sup , 

s<r d(x,y)<s s 

see lfl6l . Since L r f and l r f are Borel measurable (see iflolD it follows that Lip/ 
and lip / are Borel measurable. We can give a first estimate for upper norm and 
upper gradient of the above mentioned cochain as follows. 

Proposition 3.8. Let X be a complete metric space, m > 0, and (f,7t\,... ,n m ) e 
Lip fo (X) x Lip m (X). Define oj : M m (X) ^Rby oj{T) := T(f,n u . . . , n m ). Then 

m 

Kx) := |/(*)|]~[ Lip 

(=i 

is an upper norm of a> and 

m 

g(x) ■- Lip f(x) Y\ Lip 7ti(x) 

is an upper gradient of u) with respect to M. m+ i(X). 

If the cochain defined in Proposition 13. 8l is restricted to \ m {X) then Lip7r, can be 
replaced by lip 7r,. More precisely, we have the following. 

Proposition 3.9. Let X be a complete metric space, m > 0, and {f,n\,..., n m ) e 
Lip fo (X) x Lip m (X). Define u : l m (X) ->Rby oj(T) := T(f,n u . . .,n m ). Then 

m 

h(x):=\m\Y\\ip7ti(x) 

i=\ 

is an upper norm of oj and 

m 

g(x) := lip/(x)]~[lip^(^) 
i=i 

is an upper gradient of oj with respect to I m+ \(X). 

In both propositions above, if m = then the products n™i LipTrKx) and 
Ilfei Up^iW appearing in the definitions of h and g should be replaced by 1. 
Proposition 13.91 provides an analog for cochains of the fact, proved by Cheeger 
in 0, that if / : X — > R is a Lipschitz function then lip/(-) is an upper gradi- 
ent of /. Actually, this fact also follows from Proposition 13.91 above together with 
Proposition 13-lll below. 

Propositions 13.81 and 13.91 come as a direct consequence of the following lemma. 
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Lemma 3.10. Let X be a complete metric space, m > 1, and T e M m (X). Then for 
every bounded B or el function f on X and Lipschitz functions it\, . . . ,n m on X, we 
have 

(3.5) \T(f,n u ...,n m )\< I \f(x)\ Lapnfa) d\\T\\(x); 

Jx i=i 

ifT e T m (X) then we have 

X m 
|/(*)|]~[ lip ^liril(x). 
i=l 

Proof. We first prove (13.51) . For this, it suffices to show that for any m > i, any 
T e M m (X), and any r : X — > K. Lipschitz 

(3.7) l|rL(l,T)|| <Li P T(-)im|. 

Indeed, for Lipschitz functions 7t\,...,n n on X, successive application of (13.71) 
together with the fact that 

T\_a,n u ...,n k+1 ) = (T\_a,7r u ...,n k ))]-(l,7t k+1 ) 

yields 

m 

||rL(l,7ri,...,7r m )||<fJUpw < (.)im| 

i=l 

and hence 

|r(/,^,...,^ n )| < f \f(x)\d\\T^{\,n l ,...,n m )\\{x) 
Jx 

< I \m\\\\^ni{%^ d\\T\\{x\ 

^ x i=l 

In order to prove (13 -7b . let r,s>0. Since spt T is cr-compact there exists a count- 
able family (B,), g n of pairwise disjoint Borel sets in X of diameter strictly smaller 
than r such that spt T c U,B,. Let r € Lip(X) and define for j e N, 

A ; - :-(ieX: s(j - 1) < L r r(x) < e/J. 

Note that the Aj are Borel sets and pairwise disjoint. It is clear that T|g jn A. is 
ej-Lipschitz. By Mc-Shane's extension theorem there thus exists an e/'-Lipschitz 
extension fy of t^oa, to all of X. Given (f,n u . . . ,^ m -i) 6 Lip^(X) x Lip" 1 " 1 ^) 
with Lip(7Tfc) < 1 for all k, it follows from the strengthened locality property |Q~1 
Theorem 3.5 (hi)] that 

\T(flBinAj,T,ni,...,7C m -i)\ = \T(flBinAj,fij,7ri,...,7t m -i)\ 



u) r 

|r(/,T,7Tl, . . . ,7T m _i)| < |r(/l Bi . nA; ,T,7Ti, . . .,7T m _l)| 



and thus 



j 1 



<2 f l/WI(LrT(x) + e)dI|r||(x) 
= f |/(a-)| L r r(x) OT(x) + e f |/| 
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Since r, e > were arbitrary it follows together with dominated convergence that 

|r(/,T,7ri,...,7r m _i)| < f |/U)|Lipr(x) d\\T\\(x), 
Jx 

which proves (13.71 ) and thus (I3.5I ). 

We now prove (I3.6I ). For this, suppose T e I m (X). By [1, Theorem 4.5] we 
may assume without loss of generality that T = (p#\6\ for some biLipschitz map 
<p : K X with K c R m compact and G e L l (K,Z). View X as a subset of €°°(X) 
and let <p : W — > be a Lipschitz extension of tp. Set n :- (jt\, . . . , n m ) and let 

7t : £°°(X) -> R m be a Lipschitz extension of n. It follows from [17 ] that for almost 
every Lebesgue point x € K the metric derivative 

, _ , . ,. d{y{x + rv),<p{x)) 
ma (p x (y) := hm 

r^O r 

exists for all v € M. m , is a norm on R m , and is independent of the choice of exten- 
sion. We can therefore write md <p x instead of md ip x . By the classical Rademacher 
theorem n o ip is differentiable at almost every Lebesgue point x e K and is inde- 
pendent of the choice of extensions. We can therefore write d x {n o ip) instead of 
d x (n o ip). We thus obtain from an easy computation that for almost every x € K 

m 

| det(d x (n o <p))\ < J* m (md <p x ) ]~[ lip 7ii(<p{x)), 

i=l 

where J^(md ip x ) is given by 

J^md^) := sup{det((Li,...,L m )) : U : (R m ,md<^) R linear, 1-Lip.}. 
It follows that 



\T(f,ni,,..,n m )\ 



Of o (pdet(d x (n o ( p))dJf ri 



L 

|/o V | fjlipTT,- 

w=l > 

r — 

= i/iffup^-rfimi 



o<p\e\3* m (md<p)d& H 



1=1 

For the last inequality we used the fact, see IB Theorem 9.5], that 

lir|| = ^ # (|0|J,;(md^ m ). 

This proves (13.61 ) and completes the proof. □ 

The next result shows that upper gradients of 0-cochains are exactly upper gra- 
dients of functions. 

Proposition 3.11. Let X be a complete metric space and f : X — » R a function. 
Let (jj : Iq(X) — » R fte g/ve« fry 



r(/) s P trc{|/|<oo) 

+oo otherwise. 



Then to defines a linear cochain on \q(X) and a B or el function g : X — > [0, oo] jj 
an w/?/?er gradient of to with respect to 1\(X) if and only if g is an upper gradient of 
f- 
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For the proof of the proposition we need the following weak structure result for 
integral 1 -currents with non-trivial boundary. 

Lemma 3.12. Let X be a complete metric space and T € I\(X) with dT ± 0. Then 
there exist Lipschitz curves Cj : [0, 1] — > X, i — 1, . , . ,N, where N = M(dr)/2, 
such that 

N 

s := r - 2\4i [0 ,i]fl 
(=i 

satisfies OS = and 

N 

(3.8) M(r)=M(S) + £7(c;). 

i=l 

In particular, the curves C( satisfy M(c,-#[[l[o,i]]]) = ^(c;). 

Proof. Let X be a complete metric space which is a length space and which con- 
tains X isometrically. Let x\, . . . , Xn, yi , . . . , £ X be points such that 

N N 

(=i 1=1 

where N = M(dT)/2. After possibly reindexing the there exist, by El Lemma 
4.4], Lipschitz curves c" : [0, 1] — > X with fixed Lipschitz constant and image in 
the closed ^-neighborhood Af(spt T, 1 /2") of spt T, where i - I, . . . ,N and n > 1, 
such that c"(0) - Xi, c"(l) = yi, and such that S n := T - J^f =1 c" # [l[o,i]]] satisfies 

N 1 
M(5„) + V^)<M(r) + -. 

i=i 

Note that 55 „ = for every n. We now claim that 

^(^aaimsetcr))^! 

for every n > 1 and every i - l,...,N. Indeed, we compute 
M(T) = ||r||(set(D) 

N N 

< M(S n ) + ^ i(c'J) - 2 t{c% :c «{m^T))) 

i=\ i=\ 

1 N 

< M(D + - - V -H^UO, 1])\ set(r)), 

i=i 

which establishes the claim. It now follows that for every i we have 

■H 1 ||J c?([0, l])j < -H^setCr)) + 1 < M(T) + 1 < oo. 

This in turn is easily seen to imply that, after possibly passing to a subsequence, for 
each i the sequence (c") converges uniformly to a Lipschitz curve c, : [0, 1] — > X. 
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Set S := T - T*f=i c !#[[l[o,i]] and note that dS - and that S„ converges weakly to 
S ; hence 

N N 

M(S) + V €{ci) < liminf M(5„) + V liminf £(c?) < M(T). 

i=l i=l 

This completes the proof. □ 

We can now prove Proposition 13. 1 1 1 as follows. 

Proof of Proposition \3.11\ We first note that T(f) is well-defined for any function 
/ : X — > R and any T e Iq(X) such that spt T c {\f \ < oo} because of the special 
form (12.21 ) of 0-dimensional integer rectifiable currents. It follows that a> is well- 
defined; it is furthermore clear that oj defines a linear cochain on \q{X). Now, 
suppose that g is an upper gradient of co with respect to Ii(X). Let y : [a, b] — > X 
be a rectifiable curve, parameterized by arc-length. Define T e Io(X) by T := 
b(b)j - [y(a)J. It follows that <9y#[l [a>6] ] = T and hence 

\f(y(b))-f(y(a))\ = \aj(T)\< f g J||y#[l [fl , 6] J|| < f goy, 

JX Ja 

where the second inequality is a consequence of Lemma [2T2l and where we interpret 
\f(y(b)) - f(y(a))\ as oo in case \f(y(a))\ - oo or \f(y(b))\ = oo. This shows that 
g is an upper gradient of /. Suppose now that g is an upper gradient of / and let 
T € h(X) with dT ± 0. Let a : [0, 1] -> X, i = 1, . . . , N, where N = M(dT)/2, be 
Lipschitz curves as in Lemma l3.12l and set 

N 

S :=r-£c; # [l [0 ,rjj. 
i=i 

Note that dS = and thus 



dT = £[ci(l)] - fcMl 



i=i 



Since M(cj#[l[o,i]J) = £(c,-) it follows furthermore from Lemma l2T2l fhat ||c;#[l[o,i]I 
Ci#(\di\^f l ) and hence 



\co(dT)\ = 



N 



;=i 

JV 

<2]l/(c,(l))-/(c«(0))| 
i=i 

N M 

^ y I ?° Ciic, 

= ^] I ^lk,#Il[o,i] 

I 



1=1 

< f s<*imi 
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This also holds in the case that \to(dT)\ = oo. Since T was arbitrary this shows 
that g is indeed an upper gradient of co with respect to Ii(X). This completes the 
proof. □ 

3.4. Relationship between Hausdorff measure and capacity. The aim of this 
section is to prove the following result which gives a relationship between the 
Hausdorff dimension of a set and the capacity of families of currents supported 
on this set. We will prove further capacity results in the setting of Lie groups in 
Section l4~4l 

Theorem 3.13. Let (X, d) be a complete metric space and p a Borel measure on X. 
Let 1 < p < Q < oo and m>0. Suppose that 

p(B{x, r)) < Cr Q 

for all x € X and all r > 0, where C > is some fixed number. If A c X is a 
compact set with t H^~ p (A) < oo and if A c is a family with spt T c A for 

every T e A then 

cap p (A,I m+1 (X)) - 0. 

We remark that Theorem 13.131 also holds for p = 1 if one assumes that the 
Hausdorff dimension of A satisfies dim^(A) < Q — 1 , see the proof. The proof of 
Theorem l3.13l is a direct consequence of Propositions 13. 14l and l3. 15l below. 

Let E c W be a set, and let A m (E) be the family of all m-dimensional Lipschitz 
surfaces intersecting E. Fuglede |4, II.3] has given both necessary and sufficient 
conditions for the /^-modulus of A m (E) to be zero. His conditions are expressed in 
terms of capacities of E and, as Fuglede notes, they can be translated to conditions 
on the Hausdorff dimension of E using the relationship between capacities and 
Hausdorff dimensions. 

Proposition 3.14. Let (X, d) be a metric space and p a Borel measure on X. Let 
1 < p < Q < oo. Suppose 

(3.9) p(B(x,r))<Cr Q 

for all x £ X and r > 0, where C > is some fixed number. If A c X is a compact 
set with < H^~ P (A) < oo and ifT& is the family of all (nonconstant) rectifiable paths 
intersecting A, then MpiF^) = 0. 

Proof. Notice that our assumptions imply p(A) = 0, so that the family of paths 
inside A has zero /^-modulus. Thus, by subadditivity of modulus, it suffices to 
show that M p (Tr) = for every R > 0, where 

r^(yer A : \y\nX\N(A,R)^<D\, 

where \y\ denotes the image of y and where N(A, R) is defined at the beginning of 
Section 12.11 Fix R > 0. Let < r < R. Then we find a cover of A by open balls 
B(xj, rf), such that 2rj < r for every j, and 

(3. 10) r T P - C "H Q ~ P (A) + 1 

for a constant C only depending on Q - p. By compactness of A, we may choose 
the cover to be finite; j = I,..., M(r). Denote 

M(r) 

Dr=\jB( Xj ,rj). 

7=1 
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We define p r as follows: 

p r (x)= . max ■ rf\ B (x,,2r j )\BtXj,r j )(x) 
j=l,...,M(r) J 

when x e X \ D r , and p r (x) = otherwise. Then p r is an admissible function for 
the family Yr. Using ( 13.91 ) and (13- 10b . we have 

r M{r) M(r) 

pUp<Yj ^ P p(B(xj,2rj)) < C2 Q £ rf p < CC'2 Q (^H Q -\A) + 1). 

J 7=1 7=1 

We now define a sequence of positive numbers R — r$ > 2r\ > ... inductively. 
Assume r& is defined. Then we find a cover of A with r = r^ as above. By com- 
pactness of A we can choose r^+y < 2r^ such that tV(A, r^+i) c D n . 

Next, applying the above with r = r^, we see that for each k there exists a Borel 
function p% which is admissible for Yr and satisfies 



p\ dp. < C" < oo, 

where C" does not depend on k. Moreover, by construction of r^, the supports of 
Pk are pairwise disjoint. We define p e by 

e 

p^r'^pk- 

Then p c is admissible for Yr, and 

m p (y r )< J {p l ydp<i l -pc" 

by disjointness of the supports. Therefore, since p > 1, Mp(T#) — > as /J — > oo. 
The proof is complete. □ 

We remark that Proposition 13.141 also holds for p = 1 under the stronger as- 
sumption that dim^(A) < Q - 1. Indeed, in this case we may choose p > 1 such 
that { H < ^~ P {A) = 0. Let > and p { be as in the proof above and note that p e is 
supported in N(A, 2R). Thus Holder's inequality applied to p e yields 

llp'lli < \\p%p(N(A,2R))^ ^0 as I -> oo. 
This shows that Mi(T R ) = for every R > and thus Mi(T A ) = 0. 

Proposition 3.15. Let X be a complete metric space, p a Borel measure on X, and 
m > 0, p > 1. Le? A c X be a Borel set and A c I^fO a family satisfying spt T c A 
/or every T e A. If the family of (nonconstant) rectifiable paths with end-points in 
A has zero p-modulus (in the usual sense) then 

cap p (A,Wi(X)) = 0. 

Proof. Denote by Ya the family of nonconstant rectifiable paths with end-points in 
A. Since M p (Y A ) = there exists a Borel function / e L p (X,p) with / > and 
such that 



Jy 



f = *~ v 

jy 

for every y e Y A . Now, let T e A with T ± and let S e I m+ i(X) with dS = T. 
Suppose first that m = 0. Let c ( - be Lipschitz curves as in Lemma [3. 121 for S , and 
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denote by c : [0, a] — > X the arc-length parameterization of c\ . It follows from 
Lemmas 12.21 and 13.121 that 

f f(x)d\\S\\(x)> f f{x)d\\c # \\ [m i\\{x)= (7 = CO. 

JX JX Jc 

Since S was arbitrary it follows that cap^(A, \ m+ i(X}} — in the case m — 0. Now, 
suppose that m > 1 . Since T + there exists a Lipschitz map n : X — > R m such 
that r l_ ( 1 , 7r) ± 0. We may assume that each component of n is 1 -Lipschitz. By 
IH Theorem 5.6] we have 



M(rL(l,/r))= f M«7>,y»/y, 

where (T,n,y) denotes the slice of T with respect to the map n at y, see ID. 
Thus there exists a measurable set K c R'" of strictly positive measure such 
that (T,n,y) ± for every y e K. By [L Theorem 5.7] we may assume that 
(S,n,y) € h(X) and that d(S,n,y) = (-l) m (T,n,y) is supported in A n n-\{y}) 
for every y € K. Fix y e K and let c, be Lipschitz curves as in Lemma 13.121 for 
(S,n,y). Let c : [0, a] — > X be the arc-length parameterization of c\. Lemmas 12.21 
and 13 .121 give 

f /(x)^|K5,7r,y)||(x) > f /(xy||c # [l [0 , a] IW = f / = co 

JX JX Jc 

for every y e K, and since K has strictly positive measure, it follows that 

r /rfH5ii> r /jii5l^h> r r /(A-)jiK5,^,y>iKx)^-co. 

JX JX JW" JX 

Since S was arbitrary it follows that cap p (A, I m+ i(X)) = 0. □ 

4. Cochains in Lie groups 

4.1. Statement of the main Holder continuity estimates for cochains. Let G 

be a Lie group of dimension n, endowed with a left-invariant Finsler metric and 
the Hausdorff ^-measure. Let < m < n - 1 and let C = (C m ,C,„+i) with either 
Ck - Nk(G) or Ck = lk(G) for k = m,m + 1. One of the principal aims of this 
paper is to give Holder type estimates for |a»(r)| in terms of the flat norm or the 
filling volume of T e C m . For this we will have to impose, in Theorems 14. 1 1 and 
!4.3l below. growth conditions on T of the form 



(4.1) f \\T\\(B(z,r))T^d\\T\\(z) <A^r^M{T) 
JG 

and 

(4.2) f \\dT\\(B(z,r))^d\\dT\\(z) < B^r^M(dT) 

JG 

for suitable p,q > 1, a,fl > 0, and r > and for some A, B > 0. We remark that if 

\\T\\(B(z, r)) < Ar a and \\dT\\(B(z, r)) < Br$ 

for every z € G then T satisfies (14.11 ) and (14.21 ) for any p,q > 1. Note that, by 
the convention established in Section 12.21 inequality (14.21) is an empty condition 
if m — 0. We remark furthermore that there exist easy examples of currents T 
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which do not satisfy (14.11) for any a and p > 1 . Indeed, let n > m > 1 and define 
reI°(R")by 

oo 

r = ^ e^mi), 

where £2; is the largest integer smaller than V m j , the map tp : R m+1 — > R" is 
given by ^(jci, . . . , x m+ \) := {x\, . . . , x m+ i, 0, . . . , 0), and Bj c R m+1 denotes the 
ball of radius 2 _i centered at 0. Clearly, inequality (14.11 ) does not hold for any 
exponents a and p > 1 . 

The main results of our paper can be stated as follows. In our first result we 
assume dT = 0. 

Theorem 4.1. Let G and m be as above and let T e Suppose that either G 

is a normed space or Fillvol(T) < 1. Suppose furthermore that there exist A > 1, 
a e [0,m], p > n - a such that T satisfies (14.11 ) for all r > 0. If co e *W / ,(I°(G)) 
and a> has upper gradient g then we have 

(4.3) \<o(T)\ < £A(r)Fillvol(r) 1 -" / C +ff) ||g|| p , iV(sptT ,, 0) , 

with 

A(r) = U + j£-A [AM(T)^] n/(p(P+a)) , 

and 

s = E- Fillvol(T) 1/(m+1) [l + A- l/(p+a) M(T) e ] , 

where E depends only on m, G, and the left-invariant Finsler metric on G, and 
where, moreover, 6 = (1 - a/m)/(p + a) ifm > 1 and 6 = (1 - p)/p ifm - 0. 

Note that Af(spt T, so) is defined at the beginning of Section l2Tl The main prin- 
ciple behind Theorem 14. 1 1 is the following: the existence of a p-integrable upper 
gradient should force a> to be continuous with respect to the filling distance when 
p is large enough, the same way as a Sobolev function with p-integrable gradient 
has to be continuous when p > n. However, in order for this principle to work 
we have to restrict to to currents with controlled local growth, and the statement 
is therefore a bit technical. We give a simple corollary of Theorem 14.11 to illus- 
trate. Let co € "Wpil^iW)) be as in the theorem. The theorem then implies that 
if p > n — m then the restriction of a> to the class S m of oriented m-dimensional 
spheres is continuous with respect to the filling distance; if Firivol(,S j - S) — > for 
S j, S e S m , then o»(5y - S) — > 0. 

Theorem [4J] together with Proposition [3JJ] implies the following version of the 
Morrey-Sobolev inequality for Sobolev functions. 

Corollary 4.2. Let G be a Lie group of dimension n, endowed with a left-invariant 
Finsler metric and the Hausdorjf n-measure. Let u : G —* R be a function which 
has an upper gradient g e L P (G) for some p > n. Then for all x,y e G with 
d(x, y) < 1 we have 

\u(x) - u(y)\ < Cd(x,y) l - nlp \\g\\ pMx mx,y)), 
where C only depends on p, G, and the left-invariant Finsler metric. 

Our second main result provides an analog of Theorem 14. ll for currents possibly 
with boundary. 
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Theorem 4.3. Let G, m, and C be as above and let T e C m . Suppose there exist 
A,B > 0, a,B 6 [0,n], p > max{l,« - a}, and q > max{l,?i - B] such that T 
satisfies (14.11 ) and (14.21 ) for all r > 0. Ifco € r W q , p {C m ) then we have 

(4.4) KD| < £ MT) (F(T, C) 1 "™ + F(r, C) 1 "™) IMI 9 ,p 

A(D = (1 + M(r) + M{dT))—s , 

{n — a n — B^ 
, 
p q 

where E depends only on m, G, and the left-invariant Finsler metric on G. 

Denote by P m (R n ) the space of real polyhedral ra-chains in R" and by f m (R") 
the completion with respect to the flat norm of P m (R n ). As a first consequence of 
Theorem 1431 we obtain that if co is linear and belongs to Wg iP (N m (R n ), N m+ i(R")), 
and if p > n - m and q > n - m + 1, then co is well-defined for every T e P m (R n ), 
in the sense that there exists a unique cochain to' : P m (M. n ) — > R such that the 
restriction of every representative of a> to P m (M, n ) coincides with a>'. However, 
unlike in the case of Whitney flat forms mentioned in the introduction and also 
below, a>' does not necessarily have a unique extension to the completion ^„(R") 
because our estimates depend on the local mass growths of T and dT . 

As a second consequence of Theorem 14.31 we obtain the following statement 
about Whitney flat forms and thus partly recover Wolfe's theorem mentioned in 
the introduction. Every flat m-form a> in R" gives rise to a unique linear cochain 
co : T m (W) — > R which is Lipschitz continuous with respect to the flat norm; more 
precisely, 

(4.5) mT)\<EF(T)\\co\\ b 

for every T e ^(R"), where E is independent of T and to. The assignment to h> co 
is linear and injective, and \\to\\\, is defined by = maxdlojIU, HcfwHoo}. Note that 
Wolfe's theorem asserts the same with E - 1; moreover, it provides a converse. We 
briefly sketch how Theorem 14.31 implies the statement above. Let co first be a flat 
m-form in R" with compact support. By the discussion after Defmition l3.7l the form 
co gives rise to a linear cochain to k in Wk,k(N m (R n ), N m+ i(R")) for every k 6 N. It 
follows from the paragraph above that for all k large enough to k (T) is well-defined 
for every T e P m (M. n ); moreover, for every k large enough we have ||tZ» ||^ < C|M|t, 
for some constant C which is independent of k. Finally, Lemma [33J together with 
Proposition 14.171 show that for every T € P m (R n ) we have tb k (T) = to l {T) for 
all k, I large enough. We can therefore define a linear cochain co on P m (R n ) by 
co(T) := linijt-joo cb k (T). Since in Theorem 14.31 the exponents of F tend to 1 and 
A(7) — > 2 when p, q — > oo it follows that co indeed satisfies (14.51 ). and clearly, co 
extends to ^„(R"). To prove the assertion for general, not necessarily compactly 
supported, flat forms to, we fix T € P m (R"), and a ball B(0,R) containing the 
support of T. Moreover, we choose a smooth compactly supported function ipj 
with the following properties: ipj takes values between and 1, equals 1 on B(0,R), 
and \Vipj\ is bounded by 1/j. Next, we define coj by multiplying the coefficients 
of co by (fj. We can now define co(T) = coj(T) as above; the definition is clearly 
independent of j. Moreover, \toj\i, — > |a4, so we can apply the above argument 
with the compactly supported forms coj to get the conclusion also for to. 
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Finally, we note that Theorems 14.11 and 14.31 do not in general hold for the bor- 
derline exponents p = n- a and q = n — B as the following example shows. 

Example 4.4. Letn>3 and 1 < m < n - 2. Moreover, let T = [1b(o,i)J e I m (R- m ) 
and define F : W -> W by 

F(yi,...,y m ) = (0,...,0,yi,...,y m ). 

For ieR° let T x := tf/ x #T, where the map iff x is given by i// x (y) :- F(y) + x. Then 
the currents T x satisfy (14.11) with a - m and (14.21 ) with B = m — 1. Fix a smooth 
if : R m [0, 1] such that <p equals 1 on B(0, 1) and 0onR m \ B(0, 2). Finally, 
denote x = {x\ , . . . , x n ~ m ), and define an m-form a> on W by 

oj(x) = tp(x n - m+ i, . . . ,*,,)max{log(log \l\x\), 0} dx n - m+[ A • • • A dx n . 

We have 

\Cb\ < 1r«-».xB(0,2) max{log(log l/|x|), 0} e L q (R n ) for every q>\, 

and 

\d&\ < lR^x^maxdxr^log l/\x\T\ 1/e} e L n -' n (R n ). 
By the discussion in Section \3.2\ o> induces a cochain co e q ,n-m 

{l m {R n ))for 

every q > 1. However, co(T x ) converges to infinity as x — > 0. This shows that 
Theorem \4.3\ does not hold with the borderline exponents. By slightly modifying the 
example, we see that this is the case also for Theorem \4.1\ instead of an m-ball, let 
T be induced by an m-sphere. Then we can construct a cochain a> e < W„_„,(I^ l (R' 1 )) 
with a singularity at T in a similar way as above. 

The proofs of the two theorems above will be given at the end of Section 1431 In 
Section l4T2l and most of !4.3l we prove auxiliary results used in the proofs of the two 
theorems. We briefly discuss the main geometric ideas of the proof of Theorem 
|4~T1 Let T € 1° (G) and a» e r W p (^ n {G)). Using the group structure of G, we show 
that the averages 

co + {T,r):= I f M<p x# T)\d<H n (x) 
9i"(B(e, r)) J B ^ r) 

are well-defined, where <p x is the right-multiplication by x. The proof of the theo- 
rem is based on a simple change of variables formula (Lemma 1431 ) . and two basic 
estimates concerning a> + (T, r). Firstly, we take almost minimal fillings of the cur- 
rents (fx#T, and then estimate ld + (T, r) using the upper gradient property of a> over 
the fillings, and change of variables. We also use isoperimetric methods to show 
that we can restrict ourselves to a small neighborhood of the support of T. Sec- 
ondly, we fill T - ifx#T with a current whose geometry is suitably controlled, using 
a notion of controlled family of curves. In euclidean space we could simply choose 
this family of curves to be geodesic segments transporting T to <p x #T. We then es- 
timate the difference \a>(T) - a>+(T, r)\, using the upper gradient property of co over 
these fillings, and change of variables. In this second step we need to be able to 
control the local growth of the fillings, and it is for this reason that we need to 
assume local growth conditions on T. Finally, we combine the two estimates and 
choose the radius r in an optimal way to finish the proof. The proof of Theorem 
l4.3l follows the same steps but estimates concerning the boundary of T also come 
into play. 
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4.2. Basic integral estimates. The aim of this as well as most of the next section 
is to develop the tools which will allow us to prove the Holder continuity estimates 
stated in the previous section. 

Let G be a Lie group of dimension n, endowed with a left-invariant Finsler 
metric and the Hausdorff ^-measure. We first prove the following estimate. 

Proposition 4.5. Given a finite Borel measure fionG, a Borel measurable function 
f : G — » [0, oo], a Borel set A c G, and p > 1, we have 

(4-6) f f f(z.x)dp(z)d^\x) <\\f\\ p ^\A)p(G)]^ g(p^- l )K 

J A JG 

where we have set Q - (spt p.) ■ A and 

g(p.,C) := sup ju(zC) 

zeG 

whenever C c G is Borel measurable. 
We first note: 

Lemma 4.6. Given a Borel measure ponG, a Borel measurable function f : G — > 
[0, oo], and a Borel set A c G, we have 

f f f{zx)dn(z)dn-l n (x)= f f{x)n{xA~ l )dn-C\x). 

J A JG JG 

Proof. We have 

l*(xA~ l ) = f \ xA - l {zW{z)= f \ A {z~ l x)dn(z) 
Jg Jg 

and hence, by Fubini-Tonelli theorem and left-invariance of < 7Y", 

f f(x)n(xA- 1 )d'H n (x) = \ \ f{x)\ A (z7 l x)dn{z)d<H n {x) 
jg Jg Jg 

f(zx)l A (x)d'H n (x)dfi(z) 



U 

JG JG 



>G JG 

f f f(zx)dn(z)d<H n (x). 

J A JG 



□ 

1 



Proof of Provosition \4.5\ Note first that if x (spt//) • A then xA~ n spt/i = 
and thus /u(xA~ l ) = 0. In case p = 1 then inequality (14.61 ) follows directly from 
Lemma 1431 If p > 1 then we use Lemma 1431 the Fubini-Tonelli theorem, and 
Holder's inequality, to obtain 

nf{z.x)dn{z)d1-t n {x)= \ f{x)p{xA~ x )d ( H n {x) 
J JG 

p-i 

< \\f\\ P ,a^J G K^' l )^^(xA~ l )d'H n (x)j " 



,J[ f p{zxA- x )T^dp{z)d<H n {x) 

\JA JG 



p-1 
p 



p-l 



,,n [W"(A)MG)]T^,A-^. 
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By using the fact that zxA~ l c zAA -1 for every x € A in the proof above we also 
obtain the following variant of Proposition 14.5 1 

Proposition 4.7. Given a finite Borel measure /xonG, a Borel measurable function 
f : G — * [0, oo], a Borel set A c G, and p > 1, we have 

££f(zx)dfi(z)d'H n {x) < WfWp^WA)^ U^izAA-^dKz)] ' , 
where Q. = (spt fi) ■ A. 

Remark 4.8. Note for example that if A = B(e, r) then zAA' 1 c B{z, 2r). 

We can use Proposition 14. 5 1 to obtain the following estimate in Euclidean space. 



Proposition 4.9. Let n>\ and let p he a finite Borel measure on W such that, for 
some A, ro > and a e [0, n], 

(4.7) fi(B(z, r)) < Ar a 

for all r e (0, ro) and all z £ H". Let f : W — > [0, oo] be Borel measurable and 
p > max{l, n - a}. Then for every r £ (0, ro) we have 



f !'! 

Jb(o,o Jo Jm! 



i 

f(z + tx)dp(z)dtdx < A " P r? [ ( o n r n n(R n )ff \\f\\ n , 
p - n + a 

where Q = A^(spt p, r) and where u> n denotes the volume of the unit ball in R n . 

Proof. We simply use the change of variable formula and Proposition [43] to calcu- 
late 

I I I f^ z + tx ^ dp(z)dt dx = J r" J I f{z + x) <5?//(z) <fx <f? 

JB(0,r) JO Jr" JO JB(0,tr) Jr« 

1 d g-j -np+n(p-l)+a 

< AT> r p [oj n r n fi(R n )]~ ||/|| A n f * * 

Jo 

-rf Kr"M^ n )]^ ll/lUa- 



— « + a 

□ 

We now generalize Proposition [4T9] to the setting of Lie groups. For this, we first 
make the following technical definition. 

Definition 4.10. Let M be a manifold with distance d coming from a Finsler metric, 
and let xq e M and ro > 0. We say that the ball B(xo, ro) admits a (C, s, A, rj)- 
controlled family of curves, where C, A > 1 and s, n > 0, if there exists a Lipschitz 
map 

H : [0,1] xB(x ,r Q ) -> (M,d) 

such that for all x, t we have H(0, x) = H(t, xq) = xq and H(l,x) = x, and further- 
more, the curve t i— > H(t, x) is r/-Lipschitz for every x; finally, for every t £ (0, 1] 
the map H t {x) := H(t,x) is injective, satisfies H t (B(xo,r)) c B(xQ,Atr) for all 
r e (0, ro), and the jacobian ofH t is bounded by 



C _ V < J n (d x H t ) < Cf 



for almost every x £ B(xq, ro). 
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Note that if B(xo, ro) admits a (C, s, A, ^-controlled family of curves then so does 
B(xo, r) for every r e (0, ro); indeed the restriction of H to [0, 1] x B(xq, r) clearly 
defines a (C, s, A, ^-controlled family of curves. We now give several examples of 
manifolds with controlled families of curves. 

(i) Let M be a manifold of dimension n with a Finsler metric, and let xo e M 
and ro > be such that there exists a biLipschitz map F : Be(R) — > M, 
where Be(R) is the Euclidean Ti-ball of radius R centered at 0, such that 
F(0) = xq and such that B(xo, ro) c F(Be(R))- Then B(xq, ro) admits 
a (C n ,n, C, Cro)-controlled family of curves, where C only depends on 
the biLipschitz constant of F. Indeed, if F is a C -biLipschitz map as 
above then the map H(t,x) := F(t ■ F~ 1 (x)) satisfies all the properties 
with C - C 2 . Note that, if G is a Carnot group of topological dimension 
n then the Lie exponential map is a global diffeomorphism, and thus for 
every ro there exists C such that every ball B(xq, r) with r < ro admits a 
(C, n, C, Cr)-controlled family of curves. Likewise, if M is a Riemannian 
manifold of dimension n, xq e M and < ro < injrad^M) then the ex- 
ponential map exp Xo : B(0, ro) c T Xo M — > B(.*o,ro) is a diffeomorphism, 
and hence B(xq, r) admits a (C n , n, C, Cr)-controlled family of curves for 
every < r < ro, where C is a constant. 

(ii) Let G be a Carnot group of step c and homogeneous dimension Q, en- 
dowed with a left-invariant Finsler metric. Then there exists a constant 
D such that every ball B(xo,ro) in G admits a (1, Q, l,DT(ro))-controlled 
family of curves, where 



Indeed, one can prove that the map H(t, x) :- 5 t {x), where 8 t is the dilata- 
tion homomorphism, satisfies all the desired properties for xq = e, where 
e denotes the identity element in G. Since left- translations are isometries 
the result follows. The only non-trivial part in the above is to prove the 
estimate on the Lipschitz constant. This is done in the lemma below. 

Lemma 4.11. Let G be a Carnot group of step c, endowed with a left-invariant 
Finsler metric do. Then there exists a constant D such that for all x e G the 
curve y : [0, 1] — > G given by y(t) := S t (x) is Dr(\x\)-Lipschitz, where we have 
abbreviated \x\ := do(e,x). 

Proof. Let g = V\ © • • • © V c be a stratification of the Lie algebra g of G. Endow g 
with an inner product such that the Vj are pairwise orthogonal. Let 8 t : g — > g de- 
note the Lie algebra homomorphism such that 6 t (v) = th for every v e Vj and every 
j - 1, . . . , c . Then the dilatation homomorphism 5 t satisfies 5 t ° exp = exp o8 u 
where exp g — > G is the Lie exponential map. Note that exp is a diffeomorphism 
and, in particular, a local biLipschitz homeomorphism. Let R > be large enough 
so that exp(fi(0,/?)) contains the unit ball around the identity in G. Let C be the 
biLipschitz constant of exp |s(o^?). Let v £ B(0,R) be such that x = exp(v). It is 
straightforward to check that the map t \-> 5 t (v) is |v|-Lipschitz on [0, 1]. It thus 
follows that 



(4.8) 




d(6 t (x),8 s (x)) = d(exp(5 t (v)),exp(5,(v))) < C\8 t (v) - 6 s (v)\ < C 2 \t - s\ \x\ 
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and hence the claim (with D = C 2 ) in the case that \x\ < 1. Now, suppose that 
\x\ > 1. Define r := |x| -1 . We then have that \6 r (x)\ < r\x\ - 1 and 

y{t) = 6 L o S t (S r (x)). 

r 

Since 5i is (1 /r) c -Lipschitz it thus follows with the above that y is Dr~ L -Lipschitz, 

r 

as claimed. □ 



We now prove the following generalization of Proposition [47 

Proposition 4.12. Let G be a Lie group of dimension n, endowed with a left- 
invariant Finsler metric. Let r$ > and suppose B(e, ro) admits a (C, s, A, rj)- 
controlled family of curves, defined by a Lipschitz map H as in Definition \4.10\ 
Let p be a finite Borel measure on G such that, for some A > 0, a € [0, s\, and 
p > max{l, s - a}, 

(4.9) f p(B(z,r))^dp(z)<Al^r^p(G) 

Jg 

for all r € (0, 2/lro). Then for every Borel measurable function f : G — > [0, oo] and 
every r £ (0, ro) we have 



f f f ftzH t (x))dKz)dtd<H n (x)<Arp ['H n (B(e,r)) f i(G)] E r \\f\\ p>a , 

JB(e,r) JO JG 



where 



_ C 2 Ah2A)ip 
p - s + a 

and Q. = (spt p) ■ B(e, Ar) - A^(spt p, Ar). 



Note that ( |4.9I > is exactly (14.11 ) when p = \\T\\. Note also that ( 14.91 ) is for example 
satisfied if 

p(B(z, r)) < Ar a 

for all r e (0, 2Aro) and all z, e G. Note furthermore that the value of rj is of no 
importance in the above proposition and it does not appear in the estimate. It will 
only be of importance when we use the above proposition in Section 1431 



Proof. Let H : [0, 1] X B(e, ro) — > G be the Lipschitz map defining the controlled 
family of curves. Fix r e (0, ro) and note that the restriction of H to [0, 1] x B(e, r) 
defines a (C, s, A, ^-controlled family of curves on B(e, r). Note that 



<H n (H t {B{e,r))) < Cf"H n (B(e,r)). 
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We now use the change of variable formula and Proposition 14.71 in order to com- 
pute, with B :— B(e, r), that 

f f f f{zH t {x))dp{z)dtd<H n {x) 

JB(e,r) JO JG 



>B(e,r) ■ 

= f f f f(zx)J n {d H -i (x) H t )- l dp{z)d<H n {x)d t 
Jo J#,(B) Jg 



C f r' f f f(zx)dfi(z)d'H n (x)dt 
Jo J//f(B) Jg 

Cll/lUn^ r'WiHtiB)) 1 ? U^izHtWHtiBr^dfiiz)] " dt 



i>-i 



^K'XB)^ JT r^jT / /(B(z,2^r))Fi^i(z)J " A 

<C 2 -pAi(2^)^rp [«H n (B)/z(G)]^ ||/|| p ,a f f"«ft 

Jo 

2_ 1 1 

C i'Ai'(2A)i'D a p-i 
p - s + a 



4.3. Technical estimates for cochains and the proof of Holder continuity. In 

this section we will use the results from the previous section in order to prove 
Theorems 0~TJ and 03] 

Let G be a Lie group, endowed with a left-invariant Finsler metric do. For x e G 
let ip x denote the right-multiplication map by x, that is, ip x (z) '■= zx. Define a 
function tq : [0, oo) — > [0, oo) by 

f G (r) := max {|| Ad v || : x e B(e, r)} , 

where Ad x is the adjoint, that is, Ad x = d^V x with ^(z) := xzx~ l , and where || • | 
denotes the operator norm on T e G. In the following we will write f(r) instead of 
fair) if there is no risk of ambiguity. It is easy to check that <p x is fod^D-Lipschitz, 
where \x\ := do(e,x). In general, it seems difficult to determine an explicit upper 
bound for tq{t), however, in the following case this is possible. 



Lemma 4.13. Let G be a Carnot group of step c, endowed with a left-invariant 
Finsler metric. Then there exists a constant D such that 

D < r < 1 
Dr c ' 1 1 < r. 



(4.10) f G (r) < 



Proof. Denote the left-invariant Finsler metric by do. It is clear from the above 
that there exists D such that tc(r) < D for all < r < 1. Now, let x £ G with 
do(x,e) > 1. Set r := do(x,e)~ l and note that 8 r is r-Lipschitz while di/ r is r~ c - 
Lipschitz. Since do(8 r (x), e) < 1 and 

<p x = 5\j r o (f Sr(x) o 5 r 

it follows immediately that cp x is Dr~^ c ~ ^-Lipschitz. Finally, since left-multiplication 
is an isometry we conclude that 

||Ad,(v)||<Dr-^|MI 
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for every v € T e G and hence the claim. □ 

Lemma 4.14. Let G be a Lie group of dimension n, endowed with a left-invariant 
Finsler metric. Let < m < n — 1 and C = (C m ,C m+ i) with either Ck — N/t(G) or 
Ck = I)t(G) for k — m, m + 1. Suppose co is a cochain on C and T e C. Then the 
function u : G — > [0, oo] defined by u(x) :- \a>((p x #T)\ has the following properties: 

(i) if co € r Wq tP {C) for some 1 < p,q < oo then u e ^ioc(^) with k - 
rmn{p,q}; 

(ii) if a> e "W p (C)for some I < p < oo and ;/Fillvol(r, C m+ i) < oo 

In case a> is a linear cochain then statements (i) and (ii) also hold for u(x) := 
u)((p x #T). In case Fillvol(r, C m+ i) < oo then it is in fact enough if to is a cochain on 
C°. Note that in statement (ii) one cannot replace the condition Fillvol(r, C m+ i) < 
oo by dT = in general. 

Proof. We only prove statement (i) because the proof of statement (ii) is analogous. 
Let h e L q (G) be an upper norm of co and g e L P (G) be an upper gradient of to. We 
first show that u(x) is finite for almost every x e G. For this suppose to the contrary 
that there exists a Borel set B c G of strictly positive measure such that u(x) = oo 
for every x e B. We may assume without loss of generality that B is contained in 
the ball B(e, r) for some r < oo. Since 

\}!Pj*T\\ < f{\x\) m 9x# \\T\\ < f(r)"V, # ||r|| 

for every x e B we obtain from Proposition 14. 5 1 that 

oo = J u{x)dfH n {x) 
Jb 

<t(r) m f f h(zx)d\\T\\(z)d<H n <x) 
Jb Jg 

<T(r) m \\h\\ p M(T)W n (B)] B T, 

which gives a contradiction. This shows that u(x) is indeed finite for almost every 
x € G. Now, define a function v : G — > [0, oo] by 

v(*):=(m + i)?(wr f ^Miirii(z) + mtdxi)™- 1 f fcfcxwiariKz). 

Jg Jg 
Then v is Borel measurable and locally in L K (G) since, by Jensen inequality and 
Lemma 1431 

f (t(W)" 1 f g^JuriKz))' d?f(x) 

JB(e,r) \ JG I 

<f{rf m M{T)P-' f f gCwydiiriKzWW 
Js(e,r) Jg 

< f(r) pm M(7y f g(x) p d<H n (x) 
JG 

= f(ry m M(Ty\\g\\ p p < oo, 
and analogously, in the case m > 1, 

f (r(|x|) w_1 f fcCzxVliariKz^'d^Cx) < f{r) q{m - l) M{dT) q \\co\\ q q < oo 

JB(e,r) \ JG I 
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for every r > 0. Now, let B c G be a Borel set with 9i n {B) = and such that 
u(x) < oo for all x B. Define v by v(x) - v(x) if x & B and v(x) = oo if x e B. 
It follows that v is Borel measurable and locally in L K {G). We show that v is an 
upper gradient of the function u. For this, let a,b € G and let y : [0, 1] — > G be 
a rectifiable curve joining a and Z?, parameterized proportional to arc-length. We 
must show that ^ 

\u(b) - u(a)\ < \ vo y(f)\y(t)\dt, 
Jo 

where it is understood that the right hand side must equal oo in case u{a) - oo or 
u{b) = oo. Define tfr : [0, 1] x G -» G by \j/{t,z) := zy(f) and note that ^(?, •) is 
f (ly(OI)-Lipschitz for every t e [0, 1] and \fj{-, z) is Lip(y)-Lipschitz for every z e G. 
Define 5 := <A#([0, 1] x T). If m > 1 define := <A#([0, 1] x if m = then set 
/? = 0. If r is a normal current then so are S and R. If T is an integral current then 
so are S and R. Clearly, we have 

ifb#T - <p a #T = dS +R. 

It follows from Lemma [231 that 

||5 1| < (m + l)Lip(y) [f(|y(-)|) m ^ 1 X [|r||] 

and 

\\R\\ < mLip(y) fa [f{\y{-)\) m ~ l ^ X x ||5r||] . 
If u(a) < oo or u{b) < oo we conclude that 

\u(b) - u(a)\ = | \o)((p M T)\ - \co(<p a #T)\ \ 

< MdS)\ + \ca(R)\ 

< f g(z)d\\S\\(z) + f Kz)d\\R\\(z) 
Jg Jg 

<(m+l)Lip(y) f f 5 (zy(0)f(|y(0ir^||r||( Z )A 
Jo Jg 

+ mLip(y) f f / J ( Z y(0)f(|y(0l)" , -V||5r||( Z )A 
Jo Jg 

< f v o y{f)\y{t)\dt. 
Jo 

Now suppose that u(a) = u(b) = oo. If there exists a point c in the image of y such 
that u(c) < oo then it follows as above (by replacing a by c) that 

l 

v o y(t)\y{t)\dt = oo, 

and this clearly also holds if u - oo everywhere on the image of y. This shows 
that v is an upper gradient for u. Since every ball in G of sufficiently small radius 
(independent of the center) admits a weak 1-Poincare inequality it follows from 
lfT31 Theorem 1.11] that u is measurable and locally integrable. Furthermore, by 
E2ll . a locally integrable function with locally /c-integrable upper gradient has a 
representative in W^. The proof is complete. □ 

Given to and T as in Lemma 14.141 we may define 

cj + (T,r):= I f \u>{<p x# T)\d9< n {x) 
9i n (B(e, r)) J B(e>r) 



I 
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for r > 0. If furthermore a> is a linear cochain then we may define 

7i n (B(e, rj) J B( ^ r) 
for r > 0. We can estimate oj + (T, r) and \a>(T, r)\ as follows. 

Proposition 4.15. Let G be a Lie group of dimension n, endowed with a left- 
invariant Finsler metric. Let < m < n — 1 and C = (C m ,C m+ i) with either 
Ck = N)t(G) or Ck - Ik(G)for k — m,m + 1. Then the following properties hold: 

(i) if a) € < Wq^ p {C m ) for some 1 < p,q < oo and ifTeC m then 

(4.11) aj + (T,r) < f(r) m F(T,C)[f(.r)9f l (B{e,r))-p\\g\\p + f H n {B{e,r)y\\\h\\ q 

for all r > 0, every upper norm h and upper gradient gofco with respect 
to C m +i; 

(ii) if o) € 'W p {C^ n )for some 1 < p < oo and ifT e C° then 

(4.12) u) + (T, r) < f(rr +l< H n (B(e, r))" i Fill vol(T, C„ 7+ 1 ) 1 1 5 1 l P 

for all r > <27fti w/zercever g is an upper gradient of a> with respect to 

Cm+ 1 >' 

(iii) Ck = I/t(G) for k = m,m + 1 arcc? T 6 C^, arcc? either m = or G 
is a Carnot group of step c or Fillvol(r) < 1 then \\g\\„ in (14.121) may be 
replaced by ||g||^( S ptr,r+e(FiUvol(r))) where 

[ Dt^i < f < 1 or m-0 
g(t) = < ^+1 

{ Dt i+c+^+c"' 1 < t and m>\, 

with a constant D depending only on G and on the Finsler metric. 

If a> is an addition a linear cochain then oj+(T, r) can be replaced by \ta(T, r)\ in 
statements (i), (ii), and (iii). 

Proof. Let u be as in (i) and let h be an upper norm and g an upper gradient of a> 
with respect to C m+ i. Let U e C m and V e C m+ i be such that T = U + dV. Clearly, 
we have 

\\tpx*u\\ < mr^wuw 

and 

IIWtfVH < f(|x|) m+ V.v#IIV|| 
for all x e G. Together with Proposition I4.5l this yields 

WBie, r)) \jB(e,r) JB(e,r) ) 

< rirT ^.l f f fc(zxM|t/||(zW n (%) 

9~l (B(e, r)) J B(e r) J G 

+t w m+i ^r^ r r^¥iiviiaw"u) 

<H n (B(e, r)) J B{e>r) J G 

< f{r) m [<H n (B(e, r))~k \\h\\ q ,a v M{U) + f(r)<H"(B(e, r))-p\\g\\p,a v M(V) 

for every r > 0, where - (spt U) • B(e, r) and Qy = (spt V 7 ) • B(e, r). Taking 
the infimum over all U and V this yields (14.111 ) and proves (i). If T € C° then the 
above calculation with U = yields (14.121 ) and thus (ii). 
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We now prove statement (iii). In view of the inequality above, it is clearly 
enough to show that for every s > there exists a filling V € I m+ i(G) of T satisfy- 
ing M(V) < (1 + e)Fillvol(r) and 

spt V c JV(spt T, £>(Fillvol(r))). 

If m = then the existence of such V follows from Lemma [3. 121 If m > 1 and G 
is a Carnot group then the existence of such a V is given by E61 Proposition 4.3 
and Corollary 7.3]. Finally, suppose m > 1 and Fillvol(r) < 1. By [25], there 
exists Do > depending only on G and the Finsler metric such that G admits a 
Euclidean isoperimetric inequality for all cycles in I m (G) of mass at most Dq. Let 
e € (0, 1) and let S e I m+l (G) be such that dS = T and M(5) < (1 + e)FiUvol(r). 
Define a 1-Lipschitz function A(x) := dist (spt T, x). Set 5 := 2D~ 1 Fillvol(r). By 
fl] Theorems 5.6 and 5.7], there exists t € (0, 8) such that 

(S,A, t) = d(S \_{A<t\)-T 

is an integral current and has 

M((S,A,t))<D . 
Indeed, otherwise we would have 

M(5) > ||S||(U<<5}) > f M((S,A,t))dt> D 5 > 2Fillvol(T), 
Jo 

a contradiction. Set T :- (S,A,t). Since -d(S L {A > t}) = T we clearly have 
Fillvol(r') < \\S\\({A > t\). By (25J Lemma 5.3 and its proof] there exists a filling 
5' eI m+ i(G) of T' such that 

M(5') < (1 + e)Fillvol(r') 

and 

spt5' c /VCsptr'^'FillvoKr')^), 

where D' only depends on G and do. It follows that V := S L {A < t} - S' is in 
l m+ i(G), has boundary dV = T, and satisfies 

M(V) < ||5||({^ < t}) + (1 + e)Fillvol(r') < (1 + e)M(5) < (1 + e) 2 Fillvol(r) 

and 

(4.13) spt V c 7V(spt T, DFillvol(r)=r), 

where D = 4D ! + 2D'. Since e > was arbitrary this completes the proof of the 
statement. □ 

Our next estimate is the following: 

Proposition 4.16. Let G be a Lie group of dimension n, endowed with a left- 
invariant Finsler metric. Let tq > and suppose B(e, ro) admits a (D, s, A, rf)- 
controlled family of curves. Let < m < n — 1 and C = (C„„C m+ i) with either 
Ck = N,t(G) orCk- lk(G)for k - m,m+l. Let T e C and suppose T satisfies (14.11) 
and (14.21) for some A,B>0, a, 8 € [0, s], p > max{l, s - a}, q > max{l, s - B}, 
and all r e (0, 2Aro). Then the following properties hold: 
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(i) if co € < W q ^p{C) then for every r € (0, ro) and every upper norm h and 
upper gradient gofcowe have 



\a J (T)\-co + (T,r)\<D 2 nt(Ar) m - 1 



AfiAryr'H" (B(e, r))~ ?M(T) T \ \g\\ p ,n 

+ BA<W(B{e,r)y\M(dTyt\\h\\ q ,a 



(ii) if co e "WpCC ) anJFillvol(r,C m+ i) < oo then for every r £ (0, ro) and 
every upper gradient g of to we have 



| \to(T)\ - co+(T, r) | < D 2 r]T(Ar) n 
In the inequalities, we have used 



ArT"H n {B{e,r))-pM(T)-\\g\L a 



a 1 2 1 

(2A)i'App(m+l) - (2A)iBiqm 

A := and B := 



p - s + a 



q- s + B 



and Q. = (spt T) ■ B(e, Ar). 



If co is in addition linear then the inequalities in the proposition hold with | \co(T)\- 
co+(T, r)\ replaced by \co(T) - co(T, r)\. 



Proof. We only prove (i) since the proof of (ii) is analogous. Let H : [0, 1] x 
B(e, ro) — > G be the Lipschitz map defining the controlled family of curves. Let 
r e (0, ro). For x e B(e, r) define \]/ x : [0,l]xG -> G by \]/ x {t,z) := zH,(x) and 
note that ifr x (t, •) is f (zlr)-Lipschitz for every t e [0, 1] and ifr x (;, z) is ?7-Lipschitz for 
every z e G. Define S x := ##([0, 1] X T). If m > 1 define 7? x := ^#([0, 1] x dT); if 
m = then set 7? v := 0. Note that S x e N m+ i(G) and # x € N m (G) if T € N W (G) and 
5 X £ I m+ i(G) and 7? x € I m (G) if T e I W (G). Since <9S A - = <£ x #r - T — R x and since, 
by Lemma we have \co(<p x #T)\ < oo for almost every x e B(e, r), we obtain 

||w(r)|-|^, # r)||<M55j| + M/? A -)l< f + f ftfcMi/yife) 

Jg Jg 

for almost every x e B(e, r) and hence 

| \co(T)\ - co + (T, r) | < I f \co(T) - |w(^, # r)|| <W"(x) 

9i n (B(e, r)) J B(e;r) 

< *, ^ f f g(z)d\\S x \\(z)d<H"( X ) 
<H n {B{e, r)) J BM J g 

9i n (B(e, r)) J B(ejr) J G 

By Lemma 1231 we obtain 

< (m + Oi/fCArr^JSf 1 x ||r||) 



as well as 

\\R X \\ < mnf(Ar) m - 1 ^(J? 1 x \\dT\\) 



AN UPPER GRADIENT APPROACH TO WEAKLY DIFFERENTIABLE COCHAINS 



37 



for all x € B(e, r). Proposition 14.121 yields 
f f g{z)d\\S x \\{z)d<H n {x) 

JBie.r) JG 



<{m + V)rff{Ar) m f f f g{zH t {x))d\\T\\{z)dt dft n {x) 

JB(e,r) Jo JG 

a 1 

T (2A)''Al'D a p-1 

< (m + l)D 2 ^r) m V } — P r* [W(B(e, r))M(T)] V \\ g \\ p ^, 



p — s + a 

where Q. = (spt T) ■ B(e, Ar). Similarly, we obtain 



Jfi(e,r) JG 



< mr]T{Ar) 



m- 1 



Jfl(e,r) Jo JG 



£ 1 



< mtf^f- 1 ^^! ^ [^"(5(e,r))M(ar)] 2 F p||,, n . 
q - s + B 

Combining the above estimates gives the claim. □ 

We are finally ready to prove Theorems 14.11 and 14.31 We first give the proof of 
the latter theorem. 

Proof of Theorem \4~3\ There exist D > 1 and ro > such that B(e,r) admits a 
(D, n, D, Decontrolled family of curves for every < r < ro and such that 

•K"(B(e,r)) >D~V 

for all < r < ro. We may of course assume that ro < 1. Note that there exists D' 
such that f(Dr) < D' for all < r < ro. It now follows from Propositions 14. 15l and 
I4.16l that for every upper norm h of cd and every upper gradient g of a> with respect 
to C m+ i we have 



\u(T)\ < | \a>(T)\ - to+(T, r) | + a> + (T, r) 



< £ 



p -n + a 

B llc 'q 



P—M{T) ip ' l)lp r l+ fi +F(T,C) 



r-p\\g\\r 



q - n + B 

A l/P 



i-r 



M(5r) (?"DV + ? +F(r,c) 

(1 + N(r)) (p_1)/p r 1+2 F + F(r,C)r~£ 



r <? 



\\g\\ f 



1-7 



(1 + NCr))^" 1 ^^ 14 "^ 1 + F(r,C)r~? 



for < r < ro, where £" is a constant only depending on D, D', and m, and where 
N(T) = M(T) + M(dT). Set 



r := 



F(r,o 
l + N(r) 



'"o 
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and note that r < ro since F(T, C) < M(T). With this choice of r the inequality 
above easily yields 

\co(T)\<E ——(l+1$(T)y-p-—F(T,C)^- \\g\\ p 



+ 



+ E 



"F(r,C)-ra- 

L l -y 

E[(\ +N(T))l^F(T,C) l -^]\\g\\ p 
B V9 



y 



-(l+Ncr)) 1 



"F(r,c) _ 



+ £[(1 +N(r))5fraj Y(T,C) 1 

for some constant E depending only on E' and ro- Since the exponents of F(7\ C) 
are all between and 1 1^ and the exponents of (1 + N(J)) are bounded above 

y+S 
l+S 



by ji| we obtain from the above inequality that 



\co(T)\ < EA(T)(F(T,C) 1 -^ +F(T,C) 1 -^)(\\g\\ 



+ 



Wo)- 



Up 

Since /j and g were arbitrary the proof is complete. □ 

The proof of Theorem 14.11 is similar to the proof above but moreover uses the 
Euclidean isoperimetric inequality. 

Proof of Theorem WA\ There exist D > 1 and ro > such that B(e,r) admits a 
(D, n, D, Decontrolled family of curves for every < r < ro and such that 

W\B{e,r)) >D'V 

for all < r < ro. We may of course assume that ro < 1. Note that there exists D' 
such that f(Dr) < D' for all < r < ro. Note furthermore that if G is a normed 
space then the above holds with ro = °o. Now, Propositions 14. 1 5 1 and 14. 1 61 yield 

(4.14) 

\o)(T)\ < | \co(T)\ - o) + (T, r) | + co + (T, r) 



< Fr p 



Ap p 



p — n + a 



-M(r) £ Fr 1+ ^ +FillvoUT) 



' '^"p.^spt r,FFillvol(7) »i+T +Dr) 



for < r < ro, where F is a constant only depending on G and the left-invariant 
Finsler metric do on G. Of course, we may assume that T + 0. Now, suppose first 
that G is a normed space. Setting 

r := [Fillvol(r) / 'A- 1 M(r) 1 - p ]'^ , 
the above inequality becomes 

p 1 FiUvoi(r) 1 -"^ +a U I 'M(r)0'- 1 )'?||g|| P(iV(spl ./,„. 



(4.15) \co(T)\<F 1 + 



p + a - 
where 77 = n/(p(p + a)) and 

t = F ■ FillvohT)^ +Dr. 

If m - then we clearly have £ < *q, where sq is as in the statement of the theorem. 
If m > 1 then it follows from the Euclidean isoperimetric inequality that t < sq. 
This proves the theorem for the case that G is a normed space. 

Next, suppose that G is arbitrary and Fillvol(r) < 1. If m — then set D" := ro. 
If m > 1 then define D" as follows. By [25], there exists < D < 1 such that 
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G admits a Euclidean isoperimetric inequality for cycles in I m (G) of mass at most 
Do- Denote by D the isoperimetric constant. We may assume that D > 1. Set 
D" := mm{D-\D Q }r . Finally, define 

(4.16) r := D" [Fillvol(ry , A- 1 M(r) 1 - p ]'^ . 

We claim that r < ro. Indeed, if m = then M(T) > 2 and thus we clearly have 
r < r . If m > 1 and M(T) > D then 

p-i 

[Fiiivoi(r) p A~ 1 M(r) 1 ~ p ]'^ < |^-J' + " < ^o 1 

and hence r < ro, as claimed. If m > 1 and M(r) < Do then, by the Euclidean 
isoperimetric inequality, 

[Fillvol(r) p A- 1 M(r) 1 - p ]'^ < [D^MCr) 1 ^]^ <D^ <D 

and thus r < ro, as claimed. With r as in (14.161 ) it is not difficult to see that (14.141 ) 
becomes 

K71 <e[\ + V - )Fillvol(r) 1 -" /( ^ ) A"M(r)(P- 1) "||g|| p , A , (sptr , , 

\ p + a-n) 

with a constant E depending only on G and do, and where again 

t = F ■ FiHvol(T)'"+ T +Dr. 

If m - then clearly f < jq. If m > 1 and M(T) > Do then a straightforward 
calculation shows that t < sq. Finally, if m > 1 and M(T) < Do then the Euclidean 
isoperimetric inequality for cycles in I,„(G) of mass at most Do also gives that 
t < so- This completes the proof of the theorem. □ 

4.4. Families with positive modulus or capacity. In Section lX4l we showed that 
the capacity of a set of currents vanishes if the currents are supported in a small 
enough set. The assumptions on the underlying metric space were mild. On the 
other hand, lower bounds or even positivity of capacities do not hold in general 
unless the underlying metric space has some structure. In this section we show 
that in the case of Lie groups, a single current with suitable local mass growth 
has non-zero /^-capacity for large enough p. This property is closely connected to 
continuity, and has already implicitly appeared in the proofs of our main results 
above. We also give an example illustrating the sharp exponent p for which this 
property holds. 

We begin with the following elementary observation. 

Proposition 4.17. Let G be a Lie group of dimension n, endowed with a left- 
invariant Finsler metric, and let T e M m (G) with T ± and < m < n. Let 
B c G be a Borel set with f{ n (B) > 0. Then the set T := {(f x #T : x € B] has 
M q (r) > Ofor every q>\. 

Proof. We may assume without loss of generality that B is contained in a ball 
B{e,R). We argue by contradiction and suppose that M q (T) = for some q > 1. 
There then exists / e L q {G) with / > and such that 

f f{z)d\\^T\\{z) = oo 
Jg 
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for every x e B. Since 

11^711 < T{\x\) m y x# \\T\\ < f{R) m 9x# \\T\\ 
for every x € B, Holder's inequality and Lemma l4~6l imply 



°°= r r / 9 (zvn^rii(zvH"(x) 



Jb Jg 



< f(R) m M(T)\\f\\ q q , 
contradicting the fact that / € L q {G). 



□ 



Proposition 4.18. Let G be a Lie group of dimension n, endowed with a left- 
invariant Finsler metric. Let < m < n — 1 and T e I^CG) with T ± ant/ 
Fillvol(r) < oo. Suppose there exist A,r\ > and a e [0, n] such that T satisfies 
(14.11) for every r e (0, r\). Then we have 



for every p>n-a.IfTe NJj,(G) and if T satisfies the same conditions as above 
then 



for every p > n — a. 

Proof. Clearly, there exist C > 1 and ro > such B(e, ro) admits a (C, «, C, Cro)- 
controlled family of curves. We may assume that CVo < r\. Let // : [0, 1] x 
B(e, ro) — > G be the Lipschitz map defining the controlled family of curves. For 
x € ro) define a Lipschitz map i/^ : [0, 1] x G — > G by i// x (t,z) '■= z.H t (x). Let 
/ : G — > [0, oo] be a Borel measurable function such that 



for every S with dS = T. Fix V with dV = T. Such V exists by assumption. For 
x € B(e, ro) define 



cap p anwi(G))>o 



cap p ({r},N m+ i(G))>0 




S x :=ip x# V-^ x# ([0, l]xT) 
and note that dS x - T and, by Lemma [231 

115x11 < II?* VII + lkM[0, 1] x D|| < D^IIVH + D^CJf 1 x imi), 



where D = max jf (Cr ) m+1 ,(m + l)Cr f(Cr ) m ). Hence, by Propositions 1431 and 



14.121 we obtain 




< D||/|| p ?f(S(<?, ro))^ M(V) + 



2pC pApp f, 



rfM(T)p . 



p — n + a 
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This shows that \\f\\ p is bounded away from and since / was arbitrary we find 
that the capacity is also bounded away from 0. This concludes the proof. □ 

Proposition 4.19. Given n > 2 and 0<a<m<n — 1, and 1 < p < n — a, there 
exist A > and a non-zero current T e ijj, (R") such that 

(4.17) \\T\\(B(x,r)) < Ar a 
for every x 6 R" and every r > and such that 

(4.18) cap p ({r},I w+ i(R")) = 0. 

Note that if p > 1 then T in Proposition 14.191 in particular, satisfies (14.11 ) for 
every r > 0. 

Proof. If m = then it suffices to choose T = [xij - [jcq] for arbitrary xo, xi £ R" 
with xi # xo- Indeed, for such T it follows from Theorem 13. 131 and the remark 
after the theorem that cap ({r},Ii(R n )) = 0. 

If m > 1 , we may assume that a > 0. Fix m, n, and a and p as above. More- 
over, let rj = 2~j, j e N. Let tp : R m+1 -h. R" be defined by ^(xi, . . . ,x m+ i) := 
(xi,...,x m+ i,0,...,0). Denote by B m+1 the unit ball in R m+1 and set T = ^#[l B m + i] 
Let Mj and Nj be integers whose precise values will be determined later. Finally, 
choose points x k . = (j, k, 0, . . . , 0) e R" for k = 1, . . . , Ms. Note that the balls 
B{x k ., 2rf) are then pairwise disjoint for every j and k. We define 

oo Mj 
y=l fc=l 

where F^ k {x) = x k + 2" J x. We now choose Mj and A^- so that T has finite mass 

(which implies that T e 1° (R w )) and such that T satisfies the growth condition 
||r[|(B(x, r)) < Ar a for a suitable constant A. For this, we first choose Nj to be the 
largest integer smaller than or equal to r"~ m . By disjointness of the balls B{x k ., 2rf), 
we have 

\\T\\(B(x k ,rj)) < moj m NjrJ < moj m r] 

and it thus follows that 

\\T\\(B(x,r))<Cr a 

for every r > and x e R". Next, let Mj be the largest integer smaller than or equal 

to r 2 r~ a . Then 
J j 

CO oo 

M(T) < mo) m ^ Mj-r? < maj m f 2 < oo. 

We now show that (14.181) holds. Notice that, if R e I m+ i(R n ) is such that dR = 
F^Tq for some j and k, then 

\\R\\(B(x k ,2rj))>CrJ +1 . 
If follows that, if S € I m+ i(R") is such that dS = T, and if g is defined as 

oo Mj 

7=1 k=\ 
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then 

(4.19) f gd\\S\\ = 00. 

On the other hand, 

CO 00 

g (x)P dx<c^ M l r p N- p r n r pim+l) = c £ ./ J " '' ". 

i'=l 7=1 

Since r ; - - 2~ ; and p < n - a, the series converges. So g is /7-integrable. Since eg 
is a test function for the capacity for every £ > by (14.191 ). we conclude that (14.181) 
holds. □ 

Remark 4.20. If m - a = n - 1, then Proposition 14. 181 holds with p = 1 by 
Proposition 14.171 On the other hand, if m = a < n - 2, then the proposition does 
not hold with p = n - m, see Example 14.41 For other values of a, we do not know 
if Proposition 14. 18l holds with the borderline exponent p - n - a. 
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